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Remark : — As it is essential, in an elementary hook, that*the 
expressions he appropriate to the subject, and even to the 
local usages of the language of the science, of whose elements 
it treats, as far as the latter can be admitted without diminishing 
the precision of the expressions ; and as this would require the 
author to be a native of the country.in whose language the treatise 
is published, which is not my case ; myTriend Professor Ren- 
wick, so advantageously known to the public by his own Works, 
has done me the favour to translate into English the manu- 
script of this work, which I drew up in French. We consi- 
dered this as the surest means of obtaining the desired object 
of bringing this work before the public in a style tinemharrassed 
by other idioms, and whose expressions would be adapted^ not 
only to the language itself, but to established usages of this 
science. 
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MAt'HEMATicAii scicuce must, from its very nature, have 
taken its rise in the simple inspection of geometric figures. 
The abstractions, upon M^hich the calculus is founded, and 
whose great extension and generalization has produced the 
analytic method, must have arisen at a later period, as the 
product of a higher cultivation of the powers of the mind* 

During the period that geometry constituted the principal 
part of mathematical science, trigonometry was necessarily 
treated of by the synthetic methods applicable to that hranch 
of the science 5 and the solution of its several problems, at- 
tained by mere construction. Calculation was subsequently 
introduced, when the means were discovered, by which 
numbers could be applied to express the relations of quanti- 
ties, which appear so different in their respective natures, 
as linear dimensions and angles. 

Analysis, so bold in its steps and so universal in its 
methods, which has carried mathematical science to results 
the most general, and of such extensive and useful conse- 
quences, has naturally changed the mode of proceeding in 
trigonometry, as well as in other departments of mathematics. 
It is therefore necessary now, in order to study trigonometry 
in a truly scientific way, to treat of it in the most general 
manner ; and, proceeding from principles the most general, 
yet at the same time the most simple and elementary, to 
found upon them a complete system ; ^whose results may be 
fitted for universal application. 

It is not necessary to enter into all the details, that are 
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the necessary consequences of such a system, in endeavouring 
to attain this object ; they will not escape the researches of 
him, who'has made hijnself master of the system itself. 

With such views the present elementary treatise has been 
drawn up ; and it is not necessary lo explain the difference, 
that exists between it and the various other manners in' 
which trigonometry has been treated of.* The principles 
upon which it is grounded are the following. 

As straight lines and angles, or porti<;^ns of the circum- 
ference of a circle, are incommensurable quantities, they 
cannot be directly compared. But the ratio between two of 
the sides of a right angled triangle, will determine the magni- 
tude of the acute angles ; the third angle being always given, 
in consequence of the primitive condition of rectangularity 
in the triangle. This ratio then is the true and only means 
by which angles may be compared with straight lines. 

The names that are given to the several ratios, that exist 
among the sides of a right angled triangle, taken by pairs, 
are purely conventional, although the terms have in part 
been deduced from geometric considerations, having reference 
to the circle. But it is of the greatest importance cai*efully 
to avoid confounding the lines, that correspond to these ra- 
tios, or trigonometrical functions^ when represented in a 
circle, with these ratios themselves.f 

* It was the desire of iatroducmg; into the course of mathematics at the 
United States^ military academy at West-point, the most useful mode of instruc- 
tion in this branch, that led me to the preparation of this work, as early as the 
year 1807. 

t The term sine owes its origin simply to a contraction in writing temittis 
corda ; when, in the middle age, instead of the chords of angles, that were 
formerly employed in calculation, their halves were introduced, writing merely 
Mi I and co'sm for complementi temissis corda, the tangent b represented geo- 
metrically by the line touching the circle without cutting it, and is the only 
appropriate denomination taken from the circle. The prolongation of the 
radius, until it cut the tangent, has been called secant^ which is a perversioa 
of the name given in geometry to a line that cuts the circle without passing, 
through the centre. The addition, eo, before each of these names, refer» 
them, as in the case of the sine^ to the complementary angle. 
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Setting out then from the primary definitions of the ratios, 
that exist between the three lines that form a right angled 
triangle, combining them, simply, and by their squares, 
according to the properties of right angled triangles, deduced 
from the most elementary geometry ; (Euclid I. p. 47) we 
shall obtain, by means of the four fundamental rules of ordi- 
nary arithmetic, applied algebraically to these elementary 
expressions, a series of elementary formulae. 

These formulae give the solution of every possible case of 
right lined rectangular trigonometry ; and furnish a general 
table for the reduction of the several trigonometric functions 
to each other ; *'silnilar in its nature and application to the 
common miiltiplication table. In this way we are furnished 
with a system of qifantities, whose relative relations are de- 
termined ; the fruitful source of every possible combination. 

By the simple consideration of two angles united by juxta 
or super-position, (a method employed in elementary geo- 
metry,) applying the same elementary process, founded upon 
the principles previously employed, the second step in the 
system is made. This step furnishes the general principles 
of the combination of the trigonometric functions of the sum 
and difference of two or more angles. 

The same system of combination used before, applied to 
this second series of formulae ; with different assumptions in 
relation to the relative value of the two angles ; and also 
when they are supposed to have a constant determinate va- 
lue; leads to all the various formulae that can be desired; 
which aire given in regular tables systematically arranged ; 
and which* may be referred to with the greatest readiness. 

This mode of proceeding appears to lead to the desired aim 
with the least labour of intellect, and thus in the most easy 
way to the final end; which is, to present to the reader a 
full system of this branch of mathematics, in such a way, 
as to furnish every necessary element for the solutions of tri- 
gonometry, both plane and spherical; and for the use of 
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analysis in general^ in its numerous applications to geometry^ 
and to transcendant quantities. 

It is with a similar view that the chapter which points out 
the mode of making use of the trigonometric functions in the 
integral calculus, and chiefly for the purpose of transforming 
the formula to fit them for integration, has been inserted. 
Trigonometric differentials are however omitted ; they would 
require the application of the differential calculus, the know- 
ledge of which is not to be presumed in the student of ele- 
mentary trigonometry. It was thought more expedient to 
defer this part to a subsequent extension of the course of trigo- 
nometry ; that should at the same time present its applica- 
tions, and several other problems ; both theoretic and prac- 
tical, (and which will form the sequel of this elementary 
treatise, if it be approved by the public.) 

It is thought : that the method of applying the trigonometric 
functions to algebra, by a change of the formulae, such as to 
admit the use of logarithms, to change addition or subtraction 
into multiplication, &c. a method as simple as useful, is suffi- 
cientiy explained by the use which is made of it in the course 
of this treatise. For this reason it has not been separately 
considered, as it might have been, in applying it to the solu- 
tion of equations of the second and third order, &c. But 
when the applications, that are actually made of it in this 
treatise, are well understood, those to other cases will be also 
intelligible. 

Although, for the reasons already stated, the explanation 
of the ingenious methods, that may be employed in the con- 
struction of trigonometric tables, both natural and loga- 
rithmic, is not admitted into this plan ; it has been thought 
proper to explain their fundamental principles/ in order ta 
complete the system. 

The considerations that have reference to the radius of the 
circle, are not given, except where it becomes necessary to 
employ them; thus the student does not find himself embar- 
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rasBed wjtti them in those parts, where fhey couM answer 
no other purpose, but that of confusing his ideas. 

These principles being established, the solution of all the 
oases of obliqne angled plane triangles follows, as their most 
obvious apjj^icwtion ; and the use that is made of the forms that 
are giv^n to ttie trigonometric functimia, in reducing the 
calculations 1» logarithms, is a sufficient introduction to lliis 
method* 

When the analytical method is ap|died to spherical tri- 
gonometry, it is obviously proper, first to expose some of 
the immediate consequences of the theorems of solid geometry, 
in ^ek* appfication to the sphere, and then to express them 
in the form <rf trigonometric functions. Setting out in this 
manner immediately from solid geometry, we avoid, as will 
be seen, all the delay and difficulty, which would attend the 
in^roduetion of spherics in the abstract. 

The<5ombinations of the parts of the right angled triangles, 
tiuit constitute tiie elements of a spherical triangle, consi- 
dered by the method of trigonometric functions, also forms in 
this part of the work the principle whence all the elementary 
formula of spherical trigonometry are deduced. The com- 
binations of these give all the solutions, that this branch of 
trigonometry demands. 

It has been tiiought that tbe continuation of the method 
previously used, was also in this part of trigonometry prefera* 
bie to the ink^uction of another, although equally good in 
itself; for it is with methods in mathematics, as with style 
m ordin»ry writings : that author is most easily understood, 
who expresses liimself in one unifmnm and fixed manner ; 
while a change in the method of expression naturally intro- 
duces uncertainty in the apprehension of the sense of the 
wtiter. 

' Fiir a similar consideration, the means of deduction, or the 
representation of the diJDTereiit subjects, have not been multi- 
plied : an elementary book need not give all that the author 
B 
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knows on the subject, but only all that is necessary to con* 
stitute a complete system. 

^ The mechanical arrangement of a calculation may con- 
duce to its accuracy, and to the ease of revising it, in case 
of need. It is with this, as with order in aU matters 
of business ; it is proper in the beginning to acquire good 
habits, which practice will render easy. The numerous 
and frequently complicated operations of trigonometry have 
especially need of such a precaution. 

As an introduction to this practical part, there will be in- 
troduced at the close of this treatise an example of the cal- 
culation of each formula in an order the most concise, and 
most applicable to practice. In the complicated calculations 
of the practical application of trigonometry, it is useful to 
have forms of the process in blank, containing the order and 
denominations of the operations, and having a blank space 
sufficient for the insertion of the numbers. In this way 
the calculations may be reduced to an operation purely me- 
chanical, in which no one of the necessary elements can 
possibly be omitted. This method has been long used in 
great geodetic works, and in navigation. 

This treatise is then naturally divided into four parts. 

1st Part. Analysis of the Trigonometric Functions. 

2d " Oblique angled Plane Trigonometry. 

3d " Spherical Trigonometry. 

4th " Examples of Calculation of the Formulae of Plane 
and Spherical Trigonometry. 

It only remains to give a few details in relation to some 
elementary principles made use of ^ and to such as are purely 
conventional, that it will become necessary to employ in 
this treatise. 

Elementary Geometry teaches us that all the angles around 
any one point are together equal to four right angles; it 
follows that the circumference of a circle contains also four 
right angles. 

The ordinary mode of expressing a right angle, is, =L1J. 
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The diTision of the circamference of a circle is^ from its 
▼ery nature, conventional. Thre6 different divisiona hare 
been used, at different times, and with different views ; the 
most ancient of these enjoys the right derived from its 
priority of occupation. This is the division of the circum* 
ference into 360 equal parts, or degrees: each of these is 
divided into 60 equal parts, called minuteSf (minut» partes.;) 
and these again into 60 parts, called secondSf (partes minu- 
tes secundftu) In the same manner we might proceed to 
obtain thirdSf fourthSf &c. ; but instead of this, it is the cus- 
tom at the present day, to represent the magnitudes of parts 
less than seconds, in the decimals of that denomination. 

This division may therefore be represented in an alge- 
braic form, (marking degrees by a small cypher above the 
numbers, minutes, by a single line, seconds, by two lines, 
&c«) as follows, viz : 

ir-B360'=4 LJR; 90*'=Lfi; r=60' ; l'=60". 

This furnishes the principle of the method of reduction, or 
transformation, of one denomination into another ; and we 
might express the whole of the circumference in the following 
manner, viz : 

^=3 Li2+89* 59' 60". 

The division of the fourth part of the circle or quadrant 
into lOO"", with decimal subdivisions, has been several times 
attempted ; in consequence of the usefulness such a division 
would possess, in all geodetic operations, when combined 
with the corresponding decimal metrical system. 

The division of the quadrant into 96"" has been employed 
by some of the best artists, in the graduation of great 
astronomical instruments. It is very advantageous in this 
process, because all the subdivisions, down to the single 
degree, may be obtained by the continual bisection of an 
arc, whose cord is equal to the radius of the circle ; or in 
this division 64% making In the ordinary division 60*". 

The common division into 360"* will be used in this 
treatise. 
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In order to show that the difference betwetta tw^ qwnti- 
ties is to be taken> in snch a way that the resalt sfaaU^ be 
always a positive quantity, which ever of the two be tii^ 
greater, we shall use the sign cr, or an S lyii% horizentaHy; 

The complement of an angle is that tfngle, which, witea 
added to it, makes their sum a right angle. Thus the angles 
(, has for its complement 90"*—- ^,=|_JB-^. 

The supplement of an angle is that adgle, which, sidded 
to it, makes the sum equal to Sl^JRa ]80>^. Thus 1116 
angle, b, has for its supplement, 2 l^iZ— &, ^ IBO^-^K 

All other methods of notation, and the signs Hade vtte 
of, are derived from Algebra. 



PART I. 

AJfAtrSJS OF TRIOajVUMETRIC Fcworiojvw. 
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CHAPTER I. 

JhiucHon of the First dementary Formvlse. 

f % \. AiTAXTTic Tbigokometrt is one of tiie problems of 
AJgebni ajfpliedto Geranetry ; it not only comprises all those 
solutions Qiat are necessary to find the unknown parts of 
trnuq^les Cram those which are known ; but furnishes a so* 
lies of formuke and analytical expressions, that may be 
Anally applied to Analysis in general i and which constitute a 
pecidiar species of quantities called Trigonometric Functions. 
CMsidered in this point of yiew, it forms one of the most 
important branches of analytic mathematics. 

% 2* If the three angular points of a triangle be considered 
as lying in the same plane^ in which^ therefore^ the lines 
Vrhicli join these points are likewise situated, the triangle 
becouMs the subject of the investigation of Plane Trigonome- 
tfy. £l«nentary geometry makes us acquainted with the 
principles of equality and proportion that exist between 
liiem under certain relations of their several parts, and tri- 
gonometry employs these principles as the basis of its 
iNMearchefi. 

% d. If the angular points of the triangle be considered as 
not in the Mume plane, the triangle becomes, generally 
Sfeaking, the subject of the investigation of Spherical Trigo- 
nometry, as it is referred to the curved surface generated by 
Hm revolution of the circumference of a circle around its 
dIUMter, 01* the surfiu^ of a sphere^ its properties are 
derived from solid geometry ; and it is the only curved sur- 
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face that is congidei^ed in the elementary part of that branch 
of mathematics. 

$ 4. It is evident that» in the extension of the subject, 
there may be a separate species of tiigonometrj for every 
possible variety of surface generated by the revolution of a 
re-entering curve. The equation of the radius of the curve 
would be an essential element of the resulting trigonometry; 
as, for instance, an ellipsoidic or spheroidic trigonometry^. 
But this case requires a more complicated analysis; it is 
more detailed in its investigations, and consequently less 
general in its applications : it therefore cannot belong to 
elemenijiry mathematics. 

. ^ 5. The elementary trigonometric functions are the 
ratios that exist between the three sides forming a right 
angled plane triangle; or, in other words, tiie quotients 
that arise from dividing any one of them by either of the 
two others. There are not, therefore, necessarily more 
than three such functions, to which are added their inverse 
ratios. These several functions are known by names, whose 
origin and signification are of no importance ; but it is the 
more important, that we fully and precisely understand 
their value, and mutual relations. 

The combination of these ratios gives the whole of that 
multitude of trigonometric functions, that enable us to solve 
every question in trigonometiy, and which are perpetuidly 
applied in analysis. 

$ 6. Let, ^BC, (figure 1) be a plane triangle, right an- 
gled at «^,* the sum, therefore, of the two other angles, 
J5+C=I_lla=90**. They are, consequently, each the dif- 
ference between the other and a right angle. This rela- 
tion of these two angles being the complement, as has been 
previously stated, we have, according to the division of the 
circle into S60% J?=90'-C; and C=90*-J?. 

The theorem of elementary geometry known by the nam* 
of Pythagoras (Euclid, Book I. prop. 47) gives the following 
relations : 
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BC»^AB»+AO, whence 
j3BJi=BC>-j9Ca, and 

To simplify these expressions, let BCaA, AB»fc> AC=4^- 
and we have 

k^ =s^a _^2 

(i«=Aa — *« 

which determine the relations between the sides of a right 

angled plane triangle, in terms of their squares. 

$ r. 1 o these properties of a right angled triangle, given 

in elementary geometry, trigonometry adds the expressions 

that denote the ratios of the several sides; or rather^ it 

gives to each of these ratios a specific name, as follows, viz : 

The ratio, or the quotient, A 

d is called 

AC : BCy — =8ine B=co8ine (90<^ - JB)=co8ine C 1 

h 

AB : K!f — =co8ine £=8ine (90^— B)=9ine C ^ 

h 

d 
CA: BAy — =tangentB==cotangent(90^7-B)=cotangentC S 

h 

k 
BA : CA, — =cotangent B=tangent (90<* - B) =tangent C 4 

d 

h 
BCiABy — =secant B=co8ecant(90^— JB)=cosecantC 5 

k 

h 
BC : AC, — ^cosecant B=secant (90® — B)=8ecant C 6 

d 

It is evident from inspection, that the prefix, co, before the 
names sine, tangent, secant, show that the relations of the 
quantities are the same when they are referred to the comple- 
mentary angle, as when with their simple names, they are 
considered in relation to the angle itself. 

It is also evident that the three last ratios are the inverse 
of the three first. They are consequently much less used 
than the three first, particularly the two last : these are, in** 
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deed, at present entirelj neglected, as well as the terms, 
yersed sine, and co-versed sine ; having all become useless, in 
consequence of the great simplification that has taken place 
in trigonometric formula. 

§ 8. Combining the primitive formulae thus found, or deter- 
mined, by their multiplication and division, and comparing 
the results with the simple formula, or definitions, to which 
the products or quotients are equal, we obtain a series of 
ftmctions, or' formulae, that constitute what may be called the 
multiplication table of analytic trigonometry. Thus : 
B By the multiplication of 

d h 

1 A No 1 into No 6 or — ,--=sine B cosec B=l 

> h d 

k h 

2 2 5 — , — =cosB8ecB=l 

h k 

d k 

3 3 4 — .,— =tan B. cot 5=1 

k d 

d k k ' ' 

4 14 — , — = — =sine B cot B=co8 B] 

h d h 

k d d 

5 2 3 — y — = — =cosine B tan jB^sine B 

h k h 

d h d 
(3 16 — , — SB — =9iDe B sec B=tan B 

h k k 

k h k 

7 2 6 — , — as — =3cos B cosec fisacot B 

h d d 

By the division of 

d k d sine B 

8 H 1 by No 2 or - :— s=a~= s=tan B 

h h k cos B 

k d k cos B 

9 2 1 — : — = — = ...^sscolB 

h h d sine B 

d d k sine B 

10 1 3 — :-==— ss =008 B 

k k h tan B 



d d h tak B 

No 3 by No 1 or 7- : — = — = — ' ==sec B 11 

k h k sine B 

k k d cos B 

2 4 — : — =— = =sine B 1^ 

h d h cot B 

k k h cot B 

4 2 — : — =— = =co8ec B 13 

d h d COB B 

d h d tan B 

k k h sec B 

h d h sec B 

[5 3 — : — = — = =:cosec B 15 

k k d ton B 

k h k cot B 

4 6 —:_=—=— =:cosB 16 

d d h cosec B 

. ^ A: A cosec B 
6 . 4 — : — = — = — =8ec B 17 

d d k cotB 

h h d sec B 

5 6 — : — ==— F= =tan B is 

iS; (2 ft cosec .B 

h h k cosecB 

6 6 —:—=—= '^cotB 19 

J A; c2 sec B 

If the combinations producing squares were admitted into 
this table^ it would become more extensive^ but it is not consi- 
dered proper to introduce them here> as they may be consi- 
dered with more propriety as consequences. 

It will also be observed that some of jthe above results 
ar6 already repetitions^ for tiiey may be considered as algebra^* 
ically contained in prece^g ones | but this^ b^g ezactiy 
analogous to what occurs in the common multiplication table^ 
has been admitted, in the same way as^^ in a complete multi*^ 
plication table, two equal products, say, for instance, 3 times 
///^9 and 4 times 3, are introduced, to accustom the beginner to 
their equality. 
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$ 9. If we apply the three expressions deduced from the 
4rth Prop, of Euclid^ Book I. given in $ 6^ viz : 

to those found in the series. A, making use of the expressions 
that have the same denominator, and reducing the numera- 
tors« resulting from the addition or subtraction of their 
squares, we obtain a new series of formulae, that give the 
relations of the squares of the several functions ; viz : 

C The sum of the squares of 

d^ Jt^ d^+k^ h^ 

I 1 and 2, or 1 = = — =l=9in ^B + cos ^B 

The difference of the squares of 

h» h^ h*-d^ k^ 

a 6 and 3, or = = — = i =sec ^B-tan ^B 

fca k^ k» y 

A« k^ h^^k^ (fa 

^ 6 and 4, = = _ = i = cosec ^B-cot «B 

d» d« d^ d^ 

From these equations are obtained, by simply transposing 
the terms, the following, which are of very frequent use in 
trigonometric calculations. 

4 sinaB= I-cos^B 

5 cos^B = l-sin^B 

6 scc^B = l+tanaJ5 

7 cosec 2B = 1+cot ^B} 

8 tanaB = secaB— 1 , 

9 cot ^B = cosec ^B— 1 

By equalizing tiie iBrst three results, it is also evident that 

10 sm «B+cos *jB = sec ^iJ-tan ^B = cosec ^jB— cot «B = 1 

and 

II sec «B— cosec *B = tan ^B-cot ^B 

with their several consequences. 

$ 10. Combining the two series of formula, B, and, C, by 
simply substituting the roots taken from, C, in the formulsc 
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of B, we obtain another series of formulse^ of frequent use in 
the application of logarithms to trigonometrical calculations, 
and in the integral calculus. 

From what has been observed^ and has been already 
shown, it is sufficient to gire these for sines, cosines, and tan- 
gents; for which the following values will be successively 
obtained. 

By. B and the substitution from ^ 

No. 5 C No. 6 sine B = cosB (aec ^B- 1) * t 

1 



1 



No. 4 



(l+cota^)* 

tsaxB 

14 6 = 3 

(l+tanaB)i 

cos B 

12 7 = . 4 

(cosecafi-l)* 

5 6 and 6 = (1-sin ^jB) * (sec ^B-l) * ^ 

(sec B-1) * 



14 2 and 6 



12 5 and 6 



t(l+tan«5) 4 
{l-sm^B)^ 



(cosec 3jB- 1) i 
By B substituting from 

C 9 cosine B = sine B (cosec aB— 1) * 8 

1 



(l+tanaB)i 

sine B 

10 6 = ^ 10 

(sec ^B- 1)5 

(cosec^B-l)* 

16 9 = U 

cosec B 

4 4 and 9 . = (1- sin ^B) * (co8CC«B-l) * 12. 
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By B tubstituting from 

13 (1-cos aB) * 
10 C 4 and 6 = 

(8ec3B-l)i 

14 (cosec «jB-1) * cot B 

16 7 and 9 = = ; 

(l+cdt»B)J (l+cot«B)* 

1 

X5 No, 3 No, 9 tan B =s 

(cosec3B-l)* 

15 e 8 =8in5(l+tan«^)* 



sin B 



17 



8 5 



18 
19 
20 



18 



(l-8in3B)i 
(1 +tan ^B)i 



cosec "B 
6 14 and 6 = (1-cos ^B)* (1+tan ^B) 

(l-cos^B)* 



8 4 and 5 



21 



18 6 and 7 



(l-8inaB)i 
(l+tan^B)* 



(l+cot3B)i 

It is eyident, that the formulse for the sine will give those 
for the cosecant, by merely changing the denominators into 
numerators, and the numerators into denominators ; or, in 
other words, by expressing the inverse ratio of the sine. In 
like manner, by performing a similar operation, the values 
of the cosine will give those for the secant, and those of the 
tangent the values of the cotangent. 
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CHAPTER II. 

Solutum of right angled plane Triangles ; Values and Alge^ 
braic signs of certain Trigonometric Functions. 

$ 11. The formulsB of the preceding chapter are evidently 
tnie whatever be the magnitude of the angle B, and the ratio 
for a given angle being gi\en by any one of the functions of the 
series A^ the determination of the value of any one of tiie 
lines^ h, d, k, willy it is manifest^ give the value q£ the two 
others. 

From this it resultsy that these formulae contain the solution 
of every possible case of a right angled plane triangle. It 
will suffice for this purpose to make choice of that trigonome- 
tric function, in the equation of which, the known quantity is 
in the denominator of the fraction expressing it, and liie un- 
known quantity in the numerator ; and to multiply the trigono- 
metric function of the corresponding angle by the denonai- 
nator of the fraction ; to obtain for result the unknown quan- 
tity which is represented by the numerator. For, every ratio 
bding a fraction, or quotient, representing the relative value of 
two quantities, in which the denominator points out the value 
of each of the parts ; the multiplication of the quotient by the 
absolute value of all the parts, must present in the result the 
absolute value of the numerator This principle is evident from 
the manner in which the trigonometric functions have been de- 
duced, and is general ^ it would therefore be useless to enter 
into any detail. 

$ 12. In correspondence with the ^neral principle just 
stated, the numerical values of these several quotients have 
been calculated, for all angles from, 0% to 90% on tihe sup- 
position that the value of the denominator is constantly uni- 
ty ; they are tiierefore directly applicable by means of the 
rule just given. 






■p. 
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As in a right angled triangle one of the acute angles is 
always the complement of the other, it follows : that when 
either of them is half a right angle or == 45*", the Unes, k, and^ 
df becoming equal, their trigonometric functions of corres- 
ponding denomination are also equal, that is to say : 

sine = cosine 

tangent = cotangent 

secant = cosecant 

And as, on the angle becoming greater than 45% the compk« 
mentary angle takes, in succession, every value of the primitive 
angle, in an inverted order, it follows : that in an angle be- 
tween 45** and 90", the simple change of any one of the above 
denominations of functions into its corresponding one will 
give the function sought. For this reason it is only necessary 
to calculate the value of the sines, cosines, tangents, and 
cotangents, from 0"" to 45*", in order to obtain every other 
value that is necessary. 

$ 13 Let it now be supposed, that any line, BC=h, (figure 
2) take successively all possible positions around the point, B, 
so as to form in relation to a fixed line, BJt, successively, all 
the angles from, 0°, to, 360'', in which last position it will again 
coincide with, 0°, and if we conceive a perpendicular to fall in 
any position of the line from a point, C, taken at any distance 
whatsoever from the point, B, upon the line, B^, produced 
indefinitely on either side of the point, B; and if, according 
to the constant supposition in geometry, we assign to this line, 
and to Ihe perpendicular, the proper algebraic signs, to show 
their direction in relation to the point, B, giving the sign, 
4-, to those positions of the lines, d, and ft, that correspond in 
fheir direction with their primitive position, and the sign, — >, 
where they are in an opposite direction ; there will result all 
the Variations of value,' in quantity and in sign, that these 
elementary functions can possibly assume. 

In order to show this more clearly : Let, BC, BC'^ BC"^ 
BC"*f (figure 2) be several successive positions of this line» 
in the four right angles^ which are contained around the 
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pointy B^ the lines^ d, sni, k, mil take the signs assigned to 
them in the figure^ and the signs of the fundamental tiigono* 
metric functions contained in the series A, will always b« 
determined, uptin the general and simple principle, that serves 
to determine the signs in algebra^ that is to say, that like 
signs produce, +, and unlike ones, — • If therefore we 
compare with the formula, the lines, k, and, d, of the figure, 
in regard' to their respectiye positions, it will be found : that, 
supposing all the functions within the first right angle to be 
poaitiye, we shall have in the 

2d right angle the, sines, and, cosecants, -^^ the other functioDS,-*-, 
3d tangent, and, cotangent, 4~> 9^$ 

4th cosine, and, secant, +, ,— , 

$ 14 In the passage of, &, from one quadrant to another^ 
as well as in its first position, the lines, d, and, k, become 
alternately equal to, 0, and to, A, itself. In tiiese cases they 
eyidently acquire their least and greatest possible values. 

If, therefore, we suppose, h^l, and use, ir, to represent 
the entire circumference of a circle, the pointy 0% or the origin 
of the angles,, will be represented by, Oc, the first quadrant, 
or right angle, by, ^*, and so on. Hence the values of the 
trigonometric functions in th^e four principal positions^ 
when expressed in terms of, ^, will assume the following 
values, viz : £ 

For, Or, we shall have, d = ; and, A; ^= 1 t 

d 
which gives — = — sssinOf=:0 

h 1 

k 1 

— = — = cos Oir = 1 
h 1 

d 

— = — = tan(k=0 
A; 1 

k 1 

— = — = cot Or = infinit 
d 
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h I 

— - = — = cosec 0* =: iDfinit 
d 

h 1 

— = — = sec 0* = 1 
A; 1 

S For, jflf, we have, d = 1, and, fe =: 0, 

d 1 
giving — = — = sin J* = 1 

k 1 

k 

— = — = cos J* = 

h 1 

d 1 

— = — = tan J* = infinit 
k 

k 

— = — = cot J* = 

h 1 

— = — = cosec i«' = 1 ] 

d 1 

h > 1 

— = — SB sec i* = infinit 
k 

8 For, Jir, we have, d = ; and, (& = — 1,) 

d 
giving — = *^ -ssfiine j** = 



J^ 


1 


I 












= 


-1 
1 


= 


COS J* 


= 


-• 1 


d 

-& 


= 



-1 


= 


tan Jir 


■■MS 


-0 


-Jb 


= 


-1 



= 


cot^* 


- 


— infinit 



h 1 

— - = — = cosec 4* = + infini*^ 
d 
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h 1 

— = — = sec 5 * = — 1 
^k —I 

for Jir we have, d = — 1, aM, fc = 0, 4 

giyiDg — - = = sin i* = — 1 

h 1 

k 

— = — = cos f * = 
h 1 

-d -1 

= = tan I* = — infinit 

k 

A: 

' -c« -1 * 

^ 1 
=r -_ = cosec f * = — I 

^d -1 

A 1 

— = — = sec it =: infinit 

k (*) 

$15. It is evident) from what has been said in the two sec- 
tions intmediatel J preceding, that all the elementary trigono- 
metric functions may be represented in a circle, whose radius 
is, h^l; and that they will always form proper or improper 
fractions of this unit, from 0, to infinity. 

In fig. 3, let, B, be the centre of the circle, whose radius, 
A = 1, BA, and, Ba, two radii at right angles to each other^ 
that contain the first quadrant; the points, C,C, &c. the suc- 
cessive intersections of. A, with the circumference in the four 
quadrants; the perpendiculars let fall from the points CfC, 

1 

(•) The expreasioa — which is here seen to result froui the division 


of the different lines g^ives the best idea of what is called infirity ; for it appears 
as a ratio (or relative quantity) such as it would exceed tfce power of any num- 
ber to express. The sign commonly used for it in analysis is, 00, or an 8 
placed horizontally. 

D 
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&c« upon the radius BA, produced upon the other side of B^ 
will represent^ hoth in magnitude and algehraic sign^ in rela- 
tion to, A s 1, the sines of the angles ABC^JiBC'i &c. while 
the parts of the line BA9 intercepted h^ween the perpendi- 
culars and the point, B, will represent the several cosines of 
the same angles. 

Draw from C, a line parallel to AB^ until it intersect the 
line Ba, the lines, Clf and Bl, are equal to Bgf and Cg^ 
each to each i whence it is manifest, that, as the angle aBC, 
is the complement of ABC^ we have 

sine ABC = cos aBC 
cos ABC = sin aBC 

In the same manner, if we draw from the points A^ and a, 
perpendiculars, upon BA, and Ba^ produced in either direc- 
tion &Dm Aj and a, the line BCp BC, &c. produced on either 
side of Bf will cut these perpendiculars in points, such as c, 
d, e, e', and Ac, will represent the tangent ; ad the cotan- 
gent. Be the secant, Bd the cosecant of the angle ABC; 
and in these functions of the angle, ABC, the same relation 
takes place with respect to the exchange of the denominations 
of these functions, that we have seen to occur in regard to the 
sines and cosines, &c. of this angle and its complement aBC, 

for we have 

im ABC = cot aBC 

cot ABC =5 tan aBC 

sec ABC = cosec aBC 

cosec ABC = sec aBC 
The figure «hows in what manner the signs of liiese quanti- 
ties «re affected in the four quadrants ; attention heing paid to 
the principle, that A, and a, are always the points from which 
the tangnits are considered to be drawn in either direction, 
in which tb^y can cut the produced radius, or h. We must 
be careful h«i:e to avoid falling into the error of supposing a 
change of sigiw in A; the radius of a circle can never be 
any thing but a positive quantity ; it is only the effect of its 
position upon the perpendiculars, considered in relation to 
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the directions of BJi, and Ba, which depend for their sign 
upon the position of h, in the several quadrants, that can he 
affected by different signs ; for in nature, and consequently 
in mathematics, every efficient cause is positive, while it is 
only its effect,' in regard to a required result, that may be- 
come negative. 



CHAPTER III. 

Fundamental TMganometric Functions of the Bum, and Differ- 

9 

ence of two Angles. 

m 

$ 16. Problem. To find the sine and cosine of the sum and 
difference of two angles, their respective sines and cosines 
being given. 

Let DBCf and, ABC, (in figures 4, and 5,) be the two 
angles, placed upon tiie common line, BC, in such a manner 
that the angle, ABD, may represent their sum, (in figure 
4^) or difference, (in figure 5,) when, ABB, represents the 
sum, the two angles will then each fall without the other ; when 
it represents their difference, the less will be included in the 
greater ; it is required to find the sine and the cosine of their 
sum or difference, or of the angle ABB. 

Construction. Through any point E, in the line BC, that 
is common to the two angles, draw a perpendicular FG, 
cutting the two orther lines BA, and BB, in the points F, 
and G. From the point, F where this perpendicular cuts 
tiie line BA^ which marks the sum or difference of these an- 
gles, let fall the perpendicular FJ7, upon the tiurd line, BD. 

Using the same denominations as in the primitive formula 
of series A, we make : BG=h; BF=^h'; SE = k$ EG t^sd; 
EF=d, and calling the angle CBD=^a; the angle CBA = 6; 
and the perpendicular FH=» y; and BH^ x. 

The FG^d± d, will follow, with the sign +, for the sum, 
and — ', for the difference, of the two angles a, and b, and 
we shall have the quotient or ratio : 
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y X 

— = sin (a ± fr) ; and — = cos {a±h) 
W K 

Solution. The triangles FOH, and BOE, are similaiv 
being right angled at H, and E, and having the angle &^ 
common to the two triangles ; wherefore 

(By Euclid, B. 6. Prop. 4.) h : k =^ d±d:: y 

kd±kd: 

y =- 



Dividing by h\ 



h 
y Jt€t±kd 



U h K 

k d k d^ 

K h hh' 
k d k d 

Kh h K 

Substituting the values of these several quotients^ according; 
p to tlie principles of the series A^ we have 

1 sin (a± 6) = sin a cos 6 ± cos a sia 6 

For the cosine we have 

(Euc. B 1. Prop. 47.) y^= {d±dY -{h — xY^ihy^ x* 
or {d± dy — ^2 4- 2 Ax — x« = {h'y - a?» 

and {d ± dy -^h^ +2hx = {hy 

therefore 2 Ax = (hy + A^ - (d ± cf )« 

Substituting for h^ = k^±d^; and tt')« = fc^ + (d)^ ; and divid- 
ing by 2hh', 

X 2k^ + (dy + d^^(d±d)^ 

K 9hh' 

2*3 + {dy +da - id) - d« ± 2d<r 

Squaring {d ± d) = *— — — 

.2M' 

kk :^ d d 

By compensation = 

hK 
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X k k d d 

K h K h K 

Substituting for these quotients their values^ according to the 
series A^ we have 

cos (a ± 6) = cos a cos 6 qp sin a sin h % 

It will be here seen^ 'that in the result the algebraic signs of 
the last formulae^ are of the contrary nature to that they pos- 
sess in the expression representing the sum or difference of 
the two angles i while in the case of the sines they have the 
same nature, as in the expression of the compound angle. 
This might also have been anticipated from the simple know- 
ledge of the fact, that the cosine diminishes with the increase 
of the angle 5 for in every greater angle the line k^ will be 
less^ than in a less angle } while the perpendiculars increases 
with the increase of the angle. 

$ 1? • In order to find the tangent, cotangent, secant and 
cosecant, of the sum, or difference, of two angles ; we must 
treat these formulae, 1, and 2, in the same way as the simple 
formulae of the series A, when tiiose of the series B, were 
investigated ^ and then simplify them by means of these same 
formulae, in conformity with what was at first said in relation 
to them, that they constitute the multiplication table of trigo- 
nometry, and thus furnish the means of reduction. We shall 
then have, (analogous to B, No. 8,) 

sin {a±h) sin a cos h ± cos a sin h 

tan (o± 6) = = 3 

cos (a ±6) cos a cos h ^ sin a sin h 

dividing this last expression in numerator and denominator, 
successively by the four factors contained in it, and substitu- 
ting, for the resulting values, the corresponding tangents and 
cotangents, according to the formulae of the series, B, we ob- 
tain in succession the following formulae, viz. 

1 ± tan 6 cot a 

Diriding by sin a cos 6 ; tan (a± 6) = , 4 

cot a =F tan 6 
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sio 6 cos a 



6 " COS a cos b 



sin a sin b 



tan a cot 6 ± 1 

cot 6 =p tan a 
tan a ± tan '6 

1 q= tan a tan b 
cot 6 ± cot a 



cot a cot 6 qp 1 

For fhe ralue of the cotangent is obtained^ analagous to B, 9. 

cos (a±b) cos a cos 6qpsin a sin b 

g cot (a±b) = • — ■ = 

Bin (adz b) sin a cos ^± cos a sin 6 

A process analogous to the preceding gives in snccession liie 
following formulsB : 

cot a =)= tan 6 
9 Dividing by^ sin a cos b^ cot ia±b) =s 



^Q sin b cos a 



1} cos a cos & 



12 sin a sin b 



1 ± tan 6 cot a 
cot 6 q= tan a 

tan A cot 6 ± 1 
1 =p tan a tan 6 



tan A ± tan 6 
cot acot & qp 1 



cot b ± cot a 

It may be easily seen that these formulse for tiie cotangent are 
the inverse of those for the tangent^ as might be expected from 
their analogy to A^ No. 3, and 4. 
In the same manner as before^ we obtain 

1 1 

jg sec (a± 6) = = ■ 

cos (a±b) cos a cos 6 i^psin a sin 6 

Dividing still in this case by fhe same four factors^ employed 
in the case of the tangent^ and substituting the, secants, and, 

cosecants^ for their equals, & — r-, in conformity with 

the expressions of the series, B, we obtain the four follow- 
ing results, viz. 



I 

It 

I 

I 
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cosec a sec 6 
8CC (a ±6) = 14 



sec (a ±6) = .— — _. 15 



16 



cot a :^ tan 6 


sec a cosec h 


cot 6 =F tan a 


sec a sec 6 


1 7 tan a tan 6 


cosec a cosec b 



17 
cot a cot 6 ::f 1 

I 

Sttbstitaliiig for the secants their values in terms of fhe tan- 
gentsy taken from fhe radical expressions of series C^ as has 
been done for series D^ these formula undergo fhe following 
transformations^ which may easily be followed without being 
detailed : 

(l+cot«o)i(l + tan«W* 

sec (fl±b) = 18 

cot a ::f tan 6 

(1 + tan «o)* (1 + cot «5)* 



cot 6 :p tan a 
(1 + tan »a)* (1 + tan H)^ 

1 q= tan a tan 6 
(1 + cot ao)* (1 +cot «*)* 



19 



20 



SI 



cot a cot 6 :p 1 

Applying a process exactly analogous to the expressions of the 
▼alue of fhe cosecant, we obtain suocessirely fhe following 
Ibrmultt, which are analogous to the preceding ones : 

1 1 

cosec (a ± () es — — = ;*_. gg 

sin (a ± b) sin a cos 6 ± cos a sin b 



cosec a sec b 
1 ± cot a tan ( 



fiS 



N 
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sec a cosec h 



24 cosec (a±6 = 



25 



26 



2r 



tan a cot 6 ± 1 
cosec a cosec 6 

cot b ± cot a 
sec a sec 6 

tan a ± tan 6 

(1 +cot3a)i(l +tan2fc)i 



28 



29 



30 



1 ± cot a tan 6 
(1+tan aa)i(l + cot ^h)^ 

tan a cot 6 ± 1 
(1+cot 2a)J(l +cot«6)i 

cot 6 ± cot O 
(1 + tan ao)i (1 + tan ^h)i 

tan a ± tan 6 

It is evident, that, if in these formulse for secant, and cose- 
cant, we should change the numerators into denominators, 
and the denominators into numerators, we should obtain ex- 
pressions for the sine, and cosine ; in their inverse applica- 
tion all these formulse are naturally reductions of compound 
expressions to the simple expressions of a compound angles 
if therefore we meet with such formulsB as the above in the 
course of a calculation, we have the means furnished us of 
rendering them much more simple. 



/ 



f 
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CHAPTER IV. 

CambinationB of the FormnUe of 8impU Angles. 

$ IB. Ths use whicfc we bave made, in iSit hist chapter of 
fhe formulis of the series B^ has given an instance of the 
value of the research of the combinations of trigonometric 
AinctioBSy as a{ipUcabIe to the reduction of complicated for- 
mulsB, as welt as in obtaining expressions apptopriate to tiier 
data that may present themselves in calculation. 

As it is evident, that these combinations ought to be the re- 
sult of the apjdication of one or the other of the four rules of 
arithmetic, the investigation will be here made by this simple 
method. 

It is clear, that these combinations must be very numerous ; 
we shall therefore, in this place, rather point out the road, 
that leads to their discovery, than enter into a detail of all 
the possible combinations. 

One of the frequent uses that is made of these formulae, 
consists in changing an addition or subtraction into a multi- 
plication, (in order to enable us to make use of logarithms,) 
«nd conversely. We shall therefore devote oiwselves, princi- 
pally, to formute that have properties of this sort. It will be 
easy, hy a. slight atteation tp the geneml method, to roiu^ any 
other form that may be desired in any particular case. 

$ 19. The simple addition and subtraction of the formula 
B, No. 8, applied to two angles, a, and ft, assuming, a7 fr, 
will give 6 

sin tf sin h sis c coS'ft ±:co8 a sin h ^ 

tanjidblaniB=*«— ^ ± i=r * 

sin b cos 6 cob a cos ( 

sin (a d: h) 

COS « COft h 



E 
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1 iJ; cot a tan 6 
S Dividing by, sin ttcwh; tan a± tan 6 = — — — 

eot a 

tan acotb ± 1 

5 . cos a sin 6 ; = — ^— — 

cot 6 

cot b ±coia 

4 sin a sin 6 ; = — — — 

cot a cot b 

From B, No. 9, treated in the same manner, we obtain 

cos 6 cos a sin a cos 6 -t cos o sin 6 sin(adbi) 

^ coti±coto= ± = ' '^^""^ ~. 

sin b sin a sin a sin b sin a sin 6 

1 ± cot a tan & 

^ Dividing by, sin a cos ^ ; cot 6 ± cot a = • 

tan h 

, tan o cot b±.\ 

7 COB a sin ft 9 N = ' 

tan a 

tan a ± tan ft 

1 cos « cos ft ; = • — 

tan a tan ft 

From the combination of B, No. 8 & 9, applied to different 

angles^ we obtain : 

cos a sin ft cos a cos ft ± sin a sin ft cos (a qpi) 

§ cota±tanft= ± == ■ = ^ 

sin a cos ft sin a cos ft sin a cos A 

1 ± tan a tan ft 
1© Dividing by, cos a cos ft ; cot a ± tan ft = — 



%! tin a sin ft ; 



tana 
cot a cot ft ± 1 



cot ft 

cot ft =b tan a 

is cos a sin ft ; == ' 

tan a cot ft 

and 

cosft' sin a cos a cos ft ± sin a sin ft cos(a7ft) 

id cot ft j; tan a = ±— « = 

sin ft cos a sin ft cos a sinftcpsa 
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1 ± tan a tan b 

Dividing by, sin a cos 6 ; cot ( ± tan a = — 14 

tan a 

cot a cot b ±. 1 

sin a sin 6 ; = 19 

cot a 

cot a ± tan b 
cos 6 sin a ; = ■ XS 

cot a tan 6 

The formulae, No. 2, 3, 4 ; 6, 7, 8 ,• 10, 11, 12 ; 14, 15, 16 j 
might evidently have been obtained^ with equal ease, by the 
simple multiplication or division of the sums indicated by 
tangent a, tangent fr, or their products ; but as they natural- 
ly follow, frofm the method that has been employed previously^ 
and since, in this way, the different values of the sums sought 
are collated, it seems to be more in conformity with systematic 
arrangement, to present them in the way they occur above. 
$ 20. The several combinations of the formulae, 8 & 9, of 
series B, by means of multiplication and division, are, as is 
clear, contained in those which precede. In effect we have, 
by comparing the formulae No. 5 & 8 ; No. 4 & 9 5 No. 9 & 
12; No. 13 & 16, the following : 

tan a sin (a ± &) n 

tan a tan ^ = = . 

cot b sin a sin b (tan a ± tan b) ^ 

cot a sin (a d: b) 

tan 6 cos a cos b (cot b ±: cot a) q 

tan a cos (a :f b) 

tan 6 sin a cos 6 (cot b ± tan a) a 



cot a cot & = 



tan a cot 6 = 



cot a cos (a qp 6) 
cot a tan 6 = = ■■ ■ 



cot b sin 6 cos a (cot a ± tan b) 

§ 21. The formulae O, No. 1, 5, 9, & 13, are, as is evi- 
dent, of such a nature as to change an addition or subtrac- 
tion into a multiplication or division 5 they also serve, inverse- 
ly, in the construction of tables to find the tangents, by 
means of the sines and cosines. In like manner we obtain^ 
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by comparing : G^ No. 1^ 2, and S, and No. 9^ 10^ and 11^ 
the foUowing formulse tiiat wUl be of use. 

sin (a ± b) cot a sin (a ± b) 



1 ± cot a tan 6 = 



3 tana cot (±1 = 



1 ± tan a tan ( = 



cos a cos 6 sin a cos b 

sin (a ± 6) cot b sin (a ± b) 

COS a COS 6 COS a sin b 

COS (a ::f 6) tan a cos (a qp &) 

sin a cos b cos a cos b 
cos (a q: 6) cot b cos (a =(= b) 



4 cot a cot 6 ± 1 = 

sin a cos b cos a cos 6 

$ 22. By separating the signs in the formula G^ No. 1^ 
and multiplying the separate parts^ we obtain a foi*mula for 
the difference of the squares of the tangents^ that is very 
dmple^ and analogous in its nature to the originid formula ; 
we have 

sin (a+ft) sin (a— 6) 

5 (tan a-f-tan ^) (tan a— tan b) = tan *a— tan *fe = ■ ■ 

cos *a cos ^b 

And similar formula are deduced, with equal ease, from the 
other formulsB of the same character ; they do not howeyer 
appear to require^ that their investigation be given here^ in 
detail^ and they are^ besides^ easily found in case they are^ 
needed. 



CHAPTER V. 

Comftinaftofi rvf the Furmulm of the Sum, and difference of 

two Jingles. 

§ 23. Separating the signs in the formula F^ No. 1 and 
2, and combining them, by addition and subtraction, we ob* 
tain a series of simple formulae, that are very useful in their 
practical application Co calculation, viz. 
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SIB (a + 6) + w (• ^ *) 3= K 

sin a cos 6 + co8 a ski i 4* s^i' ^ <^m 6 -^ aia 6 cob ass 2 Bin a cos i 

sin (a + fc) — sin (a •* 6) «« 2 

sin a cos6 +C08 a sin 6 — sin a cos b + sin b cos a ^=s^ t cos a sin i 

cos (a — 6) + cos (o + 6) = 3 

cos a cos 6 + sin a sin i + cos a cos 6 — sin a sin 6 = 2 cos a cos fr 

cos (o — 6) — cos (a +• 6) « 4 

cos a cos 6 + sin a sin & — cos a cos & -|- ^^^ a sin 6 ^ 2 sin a sin b 
sin (a±b)± cos (a±b) = sin a (cos b ip sin b) ±cos a (cos b d:sin 6) 5 

As fhis last formula does not present any peculiar interest^ 
it is not deduced in detail^ it may be found by a simple cal- 
culation. 

§ 24. The addition of the two values of F, No. S, with 
their signs changed^ gives the following formulse^ by means 
of a very simple process of reduction : 

sin (a ± b) sin (o if b) 

tan (o ± 6) + tan (a ::p 6) = -' 1- — — *— 

cos (a ±6) cos (a ::f 6) 

Reducing to a common denominator 

sin [a ± b) cos (a :f 6) + sin (a op b) cos (a ± b) 
cos (o ± b)^ cos (o q= 6) 

The numerator being = sin ^(a ± ft) + (a 7 h)\ =s sin 2 a^ 

and performing tiie multiplication in the denominator, we have 
tbe above. 

sin 2 a 



cos *a cos ^( — sin *a sin '6 

And because, cos 96 •= 1 — sin «6 ; and, sin ^a :» 1 — cos ^n ; and 
by compensation, 

sin 2 a 
tan (a ± fr) -f tan (a q= 6) = ■ 

cos «c -^ sin •S 
The subtraction of these same two expressions, gives a rc- 
mU exactly similar, with this exception : that the two terms 
«f the numerator are separated by the sign •— , instead of 
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+• It results from this : that, instead of the sine of the 
sum of the two angles {a±h) and {a^fb) the numerator reprer* 
Bents the sine of the difference of these angles ; we then have 
as numerator, 

sin ((a ± 6) - (a If 6)) = sin (±2 6)= ± sin 2 6 

As the denominator does not undergo ftny change, the defini- 
tive formula, which requires the same steps for its reduction 
as the preceding, becomes 

± sin 2 6 

7 tan (a ± 6) — tan (a if 6) = 

cos ^a — sin ^6 

If we now treat in the same manner the formula for the co- 
tangents, F, No. 8, and pay attention to the fact, that the 
cotangents of small angles are greater than those of largie 
angles ; and therefore, as has been already' remarked, the 
subtraction must be inverted. We have 

cos (a :f b) cos (a ±b) 

cot (a If 'A) + cot (a ± 6) = h 

sin {a ^b) sin (a ± 6) 

cos (o If b) sin (a ± 6) + cos (a dz b) sin (o zf b) 
sin (a =f: b) sin (a ± 6) 

The numerator is evidently the same as in formula 6, and 
the denominator is reduced to the difference of the squares of 
the two terms of the formula which gives the sine of the 
sum or difference of two angle3 ; we then have, again, for the 
angle of the numerator, 

sin ((a ± 6) + (a If 6)) = sin 2a 

And the formula will, by applying reductions to the de- 
nominator, as before, ultimately become, 

sin 2 a 

S cot (aq: b) + cot (a ± 6) = 

cos ?6 — cos ^a 

Subtracting the same two formulie, we obtain, as in tiie case 
of the tangent, a numerator that represents the difference of 



CHAFtER V. 39 



• 



the angles^ and consequently, has exactly the same value as 
in formula 7, except that the signs are inverted, in conse^ 
quence of the inverted subtraction, that is to say, (a :f &) — 
{a±b)= :^2b ; and as the denominator remains the same as 
in formula 7, the final formula will become £ 

zf sin 2 6. 

cot (a qp ^) — cot (o ± 6) « 9 

cos *6 -^ cos *a 

By a process precisely similar to that given above, and whose 

detairis omitted here, for the express purpose of giving the 

student an opportunity of exercise in operations of the sort^ 

we may obtain the two following results : 

cos 2 h 

tan (a ± 6) + cot (<i q: W =5 10 

cos a sin a 4: sin 6 cos h 

— cos 2 a 
tan (a ± i) — (cot a q: ft) = ■ j| 

cos a sin a 7 sin b cos b 

It is obvious, that more combinations of this sort may be 
made, from the corresponding formulae. 

$ 25. It will easily be seen, by inspecting the formulie of 
$ 23 and 24, that by dividing any one of them by any other 
of th^ corresponding fonnulae, taking in $ 24 those which 
have either the same numerator or the same denominator, we 
can obtain formulse of the greatest simplicity on the one 
side, corresponding to expressions on the other side of the 
equation, that are apparently complicated. But it would be 
useless to make these combinations hei'e, as they are of the 
greatest facility. 

$ 26. The formulse of the'^series F, give, by multiplication, 
the following results. The signs being separated, as has 
been done in the greater part of the formulae of the preceding 
series K. 

Multiplying F, No. 1, and separating the signs, 
sin (a+b) sin (a— i) 

= (sin a cos 6 -f* cos a sin 6) (sin a cos 6 -« sin & cos a) 
=i sin »a cos ^b — cos *a sin *6 
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L And sabstitiituig, aocording to series C, No. 4 aad 9. 

1 m(a + h) nn (m^b) 9 sin >a — tin a fc 

£ ea cot >6— cos *« 

Multiplying F^ No. Q, with separation of the signs^^ and an 
analogous process* 

coi (a 4- &> €08 (a — fr) 

sa (cot a cot ft — tin a tin 6) (cos acot & + tin a tin b) 

s cot ^a cot *A — tin <a tin *6 

3 sa cot 'a — tin *b 

4 as cot '6 — tin 'a 

Bj multiplying together^ F, No. S, separating the signs, and 
obserring : that in confiunnitr with B, No. 3, there is a divi- 
sion that always corresponds with a noiultiplicationy because 

1 
tang a f we obtam the feUowiiig results : 

cot 

ton (a + i) un (a + &) tin (a — &> 

tan (* + W tan (a — 6) = > = '■ 

cot (a — b) cot (a -f- &) cot (a— b) 

Bxpressing the fitctors of the numerator and the denomina- 
tor, multiplying them actoalty, and reducing, according to 
series C, No. 4 and 5, this formula is reduced to 

ton (a 4" ^) tin 'a — tin ^b 

5 ton (a + W tao (a — 6) = ' = — — _— . 

cot (a -<- b) cot ^b — tin 'a 

cot >& «* cos *a 



cot ^a — tin *& 

We ebtain, in the same manner, the two following foramte, 
wliich are, besides, already evident from the four first formal ta 

<tf the present series. 

cot (a + 4) cot «6 — tin «a 

^ cot (a + b) cot (a — 6) = ■ = ■ 

ten (a — *) tin *« — tin «* 

. cot *a — tin'& 



cot *b — tin «tf 
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tan (a + b) sin a cob a + sin 6 cos i ^ 

tan (a -f. 6) cot (a — 6) = = 7 

tan (a — b) sin a cos a — sin 6 cos b 

No* 5 and 6 evidently admit tlie variations in their numera- 
tor and denominator that are pointed out by the equality of 
the two preceding ones^ No. 1 and S, 3 and 4 ; and which 
are, besides, evident consequences of series C. 

$ 27. After this explanation, the manner in which analo- 
gous formulae for the secant and cosecant may be deduced, 
will be readily perceived | this introduction may, therefore, 
be considered as sufficient, particularly as we do not conceive 
it necessary to give every possible formulie, but merely to 
point out an easy and systematic mode of obtaining, them. 

$ 28. By treating in the same manner those formulae of 
the series F, which express the tangents, cotangents, secants 
and cosecants of the sum or diflference of two angles, in terms 
of the tangent and cotangent of the simple angles, we might 
obtain a series of symetric formulae in terms of the tangent 
and cotangent of the same simple angles. A great number of 
these are simple, and may be useful ; but for the reason al- 
ready stated, it will be sufficient merely to point out the 
method. 
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Trigononutiic Functions, that express the Functions of Sim- 
ple singles, in terms of the Functions of Compound Angles. 

$ 29. As it has always been assumed, in the preceding 
formulae, that a^b, it being natural to msJs;e such an as- 
sumption in announcing any two quantities whose value and 
ratio is indeterminate, it follows from the principles of alge- 
bra, that 
a = i (a + 6) + i (a — 6)5 6 = |(a + 6) _ ^ (a — J) 
F 
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Applying tliede denominations to the formulse of the series 
F^ and limiting the investigation to the sine, cosine, and tan- 
gent; (which is sufficient to exhibit the principles of this ope* 
ration, and to lead to formulae of general application, in a 
short and easy manner,) we obtain in soccessioii the follow- 
ing trigonometric Amctions, viz. 

M By F No. 1 mil be obtained, 

610 a =« sift (4 (a+ b) + i(n^h)) 

1 • fe= sin i (a + 6) coi } (a — 6) + cos i (a + 6) sin 1 (a — i) 
and also^ 

2 sin 6 = sin i (a + ^) cos | (a — 6) — cos i (a + b) sin i (o — 6) 
By F No. 2 will be obtained, 

3 cos a = cos i (a +6) (cos 4 (a - 6) — sin J (a + k) sin j (a - ft) 
and 

4 c68 ft = cos i (a + 6) cos j (a - ft) + sin i(a + b) sin i (* "" *) 
By F No. 4 will be obtained tan a = tan (4 (a + ft) + i (a - ft)) 

l+tanHfl — ft)cotJ(a + *) 

cot i (a + ft) — tan J (o - ft) 

l-tani(o-.ft)coti(a4.ft) 
6 and likeivise lan ft = — , __.»..^ 

cot 4 (a + ft) + tan 4 (a -. ft) 

It will be at once seen, that the formute 5, 6, 7, of the same 
series, might be also employed for this purpose, and would 
lead to analogous results. The above formulSB, 5 «id 6, na- 
turally give the cotangent by a simple inversion. 

§ 30. If we now combine these formulae in the same man- 
ner, and by the same rules as the preceding, we shall obtain 
a series of formulle that are much more simple, and are sus- 
ceptible of becoming general for every proportional value of 
the angles. 

By addition, and the simple compensation of the signs 
of the second t^f ms of the sines and cosines, we obtain. 
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By addiDg No. 1 and 2, or M 

siQ a + 9in ft = 2 sin i (a + ^) ^^ i (^ — ^) T 

By adding Nq. 3 and 4, or 

cot a -}- cos 6 =3 2 cos ^ (a + ^} COS i (a -^ ft) 

By addii^ No. 6 and 6, or tan a -)- tan 6 = 8 

1 + tan J (a —6) cot J (a +h) 1 - tan Ha - 6) cot J (a +6) 

. + 

oof ]|(a + ^) — tan i (a - 6) eot 1 (a + 6} + tan i (a - 6) 

And by reducing this to a common denominator and compen- 
sating : 

2 tan i(fl + b) (1 + tanM(a - b)) 

tan a 4- tan 6 « '■ '■ ■ 9 

1 — tan» J (a - 6) tan« 4 (o + 6) 

By subtraction^ and a process exactly analogous to the above., 
we obtain ; 

By subtracting No. 2 from No. 1, or 

sin a — sin 6 = 2 sin 4 (a — b) cos 4 (a + ^) 19 

By subtracting No. 3 from No. 4, or 

cos b — cos o =s 2 sin 4 {• + *) 8** ^ ^^ — ^) 11 

By subtracting No. 6 from No. 5, or 

2 cot 4 (a — 6) (I + cot* 4 (a + b)) 
tan a — tan 6 «» ■ " jg 

cot* i (« + 6) cot« i{a — b)—l 

We further obtaiji^ by ninltipUcationf as follows : 

Multiplying No. 1 and 2, or, sin a sin b 
= sin* iia + b) cos* i (a — *) — coj* > (a + 6) sin* 4 (a — 6) 
= sin « J (a + J) — sin» 4 (a — b) 13 

as cos* J (o — i) — cos« h(fl + b) 14 

Multiplying No. 3 and 4, or, cos a cos b 
= cos* J (a + 6) cos* i (a — 6) — sin* J (a + W sin* i (a— -A) 
= cos* J (a + 6) —sin* J (a — W 15 

= CDS* 4 (o — 6) — sin* i (a + ^) 16 
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Mciltipl3'ing No. 5 and 6, or 

1 — tan* J (a — b) cot^ J (a + 6) 

17 tan a tan 6 =- . 

cot* i (a + 6) — tan* i (a — b) 

For since the terms of the numerators and denominators in the 
two fractions are the same ; being in the one a sum, in the otlier 
a diflference, their product is the difference of their squares. 
By the division of the similar functions of the two angles 
we obtain^ as follows : 

Diyiding No. 1 by No. 2, or 

sin a sin i (.a +b) cos iKa — 6) + cos i(a + b) sin } (a — b) 

sin b sin J (o + 6) cos i (a — b) — sin J (a — 6) cos" i (a + 6) 

And diyidiDg all the terms by the first term, 

sin a 1 + cot h(a + b) tan J (a — b) 



18 



1^ 
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sin 6 1 — cot i (a + ^) tan i (a — b) 
It is evident that we also have : 

sin a tan i (a + h) cot j (a — 6) + 1 

sin b tan i <a + 6) cot i (a — 6) — 1 

Dividing No. 3 by No. 4, 

cos a cos i(fl + b) cos J (a — b) — sin|(a + b) sin |(a — b) 

cos b cos 4 (o + W cos j (a — 6) + sin J (a + 6) sin 4 (a — 6) 

And dividing by the two terms successively, as before : 
cos a 1 •— tan i (a -f- ^} tan i (a — b) 
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cos 6 1 + tan 1 (a -|- 6) tan i (a — b) 
cot i (a + b) cot 4 (a— 6) — 1 



cot J (a + 6) cot} (a — b) + 1 

The division of the sine and cosina of the same angle, evi- 
dently gives the formnl» 5 and 6, and cross divisions give 
analogous formula, expressed in terms of tangent and cotan- 
gent f which may be readUy found when needed. 
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Dividing the tangents, we liaye by the fonniil» 5 and 6, 

tan a ( 1 + tan } (a — 5) cot i (« 4- ^)) (cot i (a+6) +tan J (a - 6)) 

tan 6 ( 1 — tan J (a — 6) cot J (a +fc)) (cot J (a+ 1) — tan i (a - 6)) 

coti(a+6)+tani(a-6)+taDj(a-6)cot^J(a+6)+coti(a+6)tan*J(a-6) 

• III I J ■ ■ ' ■ 

cot } (a+6) -tan ^ (a— 6) -tan i (a-6)cot« ^ (a-f6)-fcot | (a +6) tan* ^ (a-6) 
cotj(a+5) (l 4-tan> h (a-i>)+tan4(a-6)(l+cot» i(a+b)) 

coti(a+6)(l+tan«i(fl-^))-tani(a-6)(l+cota4(o + 6)) 

And from series G, No. 6 and T, 

cot i (a + b) sec« i (a — 6) + tan J (a — h) cos^c^ J (a + 6) 
cot i (a + 6) sec" J (a — b) — tan j (a — b) cosec" !(«+*) 

Taking from series B, No. 1 and 2, squared; that is to 

1 • 1 

say, sec* = ; cosec" = ; which values being 

cos" sin* 

introduced in the formula, and the terms reduced to a com- 
mon denominator, that is compensated in the numerator and 
denominator, the fonnula is reduced to the following, viz : 

cot i (a + b) sin" i {a + b) + tan i (a — 6) cos" J (a — fc) 

cot i (o + fc) sin" i (a + 6) — tan J (a — 6) cos" i (a — 6) 

Which by compensation is finally reduced to 

tana sin i (a + 5) cos i (a + 6) + sin i (a—b) cos J (a — 6) 
tan b sin i{a+ b) cos I (a + 6) — sin i{a — b) cos J (a — 6) 

a formula that is rather curious than useful, and analogous to 
L, No. r. -^ 

$ 31 The preceding formulae from No. 7 may be combined 
for different uses ; but as we may now assume the student to 
possess a sufficient knowledge of this method of deducing 
compound trigonometric functions, we shall only mention a 
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few obtained by division, tbat are of such frequent uaei that 
it would be improper to omit them. 

j^ Diyidiog No. 7 by No. 8, or 

sin a + sin 6 2 sin i (a + 6) cos J (« — 6) 

I = = tan i (a + 6) 

cos « + cos 6 2 cos i (a + b) cos i (o — fr) 

Dividing No. 10 by No. 11, or 

sin a — sin & 2 sin § (a — ft) cos J (a + ^) 

2 = == cot i (a + b) 

cos ft — cos a 2 sin 1 (a + ft) sin J (a — ft) 

Dividing No. 7 by No. 10, or 
sin a + sinb 2 sin i (a + ft) cos i (a — ft) tan ( (a + ft) 



sin a -- sin ft 2 sin i (a -^ ft) cos i (a + ft) tan i (a — &) 

Dividing No. 8 by No. 1 1 , or 
cos a + cos ft 2 cos § (<» + ft) cos I (a — ft) cot | (a + ft) 

cos ft — cos a 2 sin i (a + ft) sin i (a — ft) tan i (a — ft) 

Dividing No. 7 by No. 1 1, or 
sin a + sin ft 2 sin J (a + ft) cos i (a — ft) 



6 



cos ft — COS a 2 sin i (a + ft) sin i (a — ft) 

Dividing No. 10 by No. 8, or 

sin a — sin ft 2 sin J (a — ft) cos J (a + ft) 



cot I (a — ft) 



cos ft + cos a 2 cos i (a — ft) cos i (a + ft) 



tan i (a — ft) 



CHAPTER Vn. 

General Formvles for the Multiples of Angles. 

$ 32 The formulae of the preceding chapter, series M, are 
susceptible of the utmost generalization, and give, in this way, 
general values of the trigonometric functions of the multiples 
of angles, expressed in terms of the functions of the simple 
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angle or some inferior multiple* To do this we need only 
assign to a, and h, a certain relative value, expressed in ge- 
neral terms ; we may then transcribe the formulae in the form 
they assume under this supposition, transpose and reduce 
them by known compensations. 

Let us assume for the two angles, a, and b, the following 
proportional multiples: of a, make n a^ and of 6, make 
(n — 2) a. 

Taking the formulae 7, 8, 9, 10, 11, 12; transposing in 
the first place, in order to abridge the operation, all the 
second terms of each equation ; we have as follows : 

From M, 

No. 7 ; sin na = 2 sin (n — 1) a cos a — sin (n . 2) a 1 

8 ; cos iia = 2 cos (» — 1) a cos a — cos (n — 2) a 2 

2 tan (« — 1) a (1 + tan* a) 

9 5 tan fta == --————— — tan (n — 2) a = 

1 — tan* (n — 1) o tan« a 

2 tan (n — 1) o sec« a — tan (n — 2) a (l — tan^ (n -- 1) a tan* a) 

1 — tan* (» — 1 a tan" a 
From M, 
No. 10 ; sin na = 2 cos (» — 1) a sin a + sin (n — 2) a - 4 

1 1 ; cos na = — 2 sin (» — 1) a sin a + cos (n — 2) a 5 

2 cot o (1 + cot* (n — 1) a) 1 

12 ; tan na = — — ■ = 

cot* (n — 1) a cot* o — 1 cot(n— 2) a 

2 cot a cosec* (» — 1) a cot (»— 2) a — cot* (h — 1) a cot* a + 1 
■■■' ■ ■' "" ■ " ' ■ — < ..11 I /• 

cot (n — 2) a (cot* (» — 1) a — cot* a — l) 

Notwithstanding the complicated appearance of No. 3 and 
6, they may be reduced to forms comparatively simple in their 
application to numbers substituted for n. 

We moreover have, by the formulae 5 and 6 of series 
M, expressions that fulfil (though in part only) the same 
object. 
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By transforming 

7 M No. 6 ; 



tan na = 



» 



6 ; tan (n — 2) a = 



1 + tan a tan (n » 1) a 

cot (n — 1) a — tan a 
1 — tan a cot (n — I) a 

cot (n — 1) a + tan a 



$ SS If we give to ti, the value of the several terms of the 
series of natural numbers in succession, we may obtain from 
the preceding formulae two series of expressions for multiple 
angled in a regular ascending order. Thus we have^ from 
the formulae O, No. 1 and 4, by successive assumptions of the 
P value of TO, == 1, 2, 3, &c. 



1 



2 



sin a = sin a 


= sin a 


sin 2a = 2 sin a cos a 


=^ 2 cos a sin a 


sin 3a = 2 sin 2a cos a — sin a 


= 2 cos 2a sin a + sin a 


sin 4a = 2 sin 3a cos a -r sin 2a 


= 2 cos 3a sin a + sin 2a 


sin 5a = 2 sin 4a cos a — sin 3a 


— 2 cos 4a sin a + sin 3a 


sin 6a = 2 sin ba cos a — sin 4a 


= 2 sin 5a sin a -|- sin 4 a 


.sin 7a = &c. 





From the formulae 2 and 5, we obtain the following series 
for the cosines : 



i 



cos 


a 


— 


cos a 










COS 2a 


= 


cos* a — 


1 






cos 


3a 


= 


2 cos 


2a 


cos a — 


cos 


a 


cos 


4a 


= 


2 cos 


3a 


cos a — 


cos 


2a 


cos 


5a 


= 


2 cos 


4a 


cos a — 


. cos 


3a 


cos 


6a 


= 


2 cos 


5a 


cos a — 


cos 


4a 


cos 


7a 


VmT 


&c. 











=£ cos a 

= -" 2 sin* a + 1 

= — 2 sin 2a sin a + cos a 

= •— 2 sin 3a sin a + cos 2a 

= — 2 sin 4a sin a + cos 3o 

= ~ 2 sin 5a sin a + cos 4a 



We obtain for the tangents from the formula 0^ No. 3^ 
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fan a = tkn a 

2 tan a 



1 



tan2a=: 



tan 5a =3= 



t«m4a:s 



tan5a = 



tan 6a = 



tRD 7a = iic. 



1 — tan* a 

2 tan 2a + 2 tan 8a tan* a ^ tao a + tan* 2a tan' a 

1 — tan > 2a tan* a 
2 tan 3a + 2 tan 3a tan^ a — tan 2a + tan^ 3a tan 2a tan' a 

1 -»tan* Satan' a 
2 tan 4a + 2 tao 4a tan* a— tan da + tan' 4a tan 3a tan' a 

1 — tan' 4a tan' a 
2 tan 5a + 2 tan 5a tan'a — tto 4a + tan' 5a tan 4a tan' a 



6 



1 — tan' 5a tan' a 



From tlie formula O^ No. 6^ we have 



I 



tan a = 



cot a 
2 cot a 



i^a 2a 



tan 3a 



tan 4a 



tan da = 



tan Ba 



cot' a »— 1 

2 cot' a + cot' a cot' 2a + 1 

cot' a cot' 2a «— cot a 
2 cot a cot 2a +2 cot a cot 2a cotf 3a— cot' a cot' 3a + 1 {'6 

cot 2a cot' 3a cot' a — cot 2a 
2 cot a cot 3a+2 cot a cot 3a cot' 4a -* cot ' a cot' 4a+ 1 

cot 3a cot' 4a cot' a — cot 3a 
2 cot acot 4a + 2cotacot4aeot> 5a— cot' acot' 5a 4* 1 



cot 4a cot' 5a cot' a — cot 4a 



tan Tn »: &C. 



All these formute may be changed into such as have no other 

luncttons involved^ fliati those of the siaijple angle ; by sub- 
G 
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stituting successively in the formuliB of the multiple angles^ 
the values found for their different factors, in the expressions 
that precede them. There will result, as may be foreseen, 
a double series of formula, which will follow regular laws* 
From these may be deduced, finally, a general law for the 
combination of the trigonometric functions of multiple an- 
gles, in terms of the simple angle. It may readily be con- 
ceived, that, in consequence of the multiplicity of formube 
furnished by the trigonometric functions, many similar series 
may be made, varied in a high degree, and adapted to every 
Tarying purpose. It will be also readily seen, that such se- 
ries must finally lead to a general law, in the same way that 
the binomial theorem furnishes the law that governs the com- 
Iiination of the different powers of two quantities. 



CHAPTER VIII. 

' FormuldB far Double Jingles, expressed in terms of the Func- 
tions of the Simple Jingles, and for Half •Angles, expressed 
in terms of the Functions of the Whole Jingle* 

§ 34. Among the formulae that express the functions ist mul- 
tiple angles, in terms of the functions of the simple angle j 
those which give the functions of the double angle, in terms 
of the functions of the simple angles and the functions of the 
half angle, in terms of the whole angles are of such frequent 
use, that it is proper to treat of them separately^ and to col- 
lect the results for future use. 

In order to obtain them, it is sufficient to assume, in the 
formula of the series F, with the sign +, the value ofa=^h, 
whence a + b ^ 2 a; io transcribe them here with the re- 
« ductions produced by the calculation itself, and the formulae 
of the series B and C. In order to abridge the work, and 
present at one view these formulae in a short table, by which 



1 
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the frequent use that will be made of them may be facilitated, 
we shall suppose that recoui-se is had to these series for the 
explanation of the requisite operations, and that it is not ne- 
cessary to refer to them in every particular instance* q 

By F No. 1» is obtained ; sin 2a =2 sin a cos a i 

tf cos 2a == cos* a — sin*' • 3 

= 1^2 sin* a B 

= 2 cos* a — 1 4 

. 2 
4y tan 2a = 

6, = 6, 



1^ 



cot a — tan a 
2 tana 


1 — tan* or 

Scot a 

* 


cot* a— 1* 
cot a — tan a 


2 
1 — tan* a 


2 tana 
cot* a — 1 



S, cot 2a =. - de 



U,. = 9 



12, = 10, 

2' cot a 

The three last formulse being evidently a mere inversion of 
the three foregoing, as might be expected*. 

1 

By F, No. 13, is obtained ; sec 2a = ; 11 

cos* a — sin* a 



and hence,, = i^ 

2 cos* a — 1 



1 — 2 si«* a. 



13 



ft 

14 B7F/N0. 16, 



1^ n, 



16 fO, 



17 21, 



1« ««, 



19 t5, 



£• ^ 



£1 2^, 



US 30, 









f ec« a 


sec 


2a 


y 






1 — tan' a 








cosec* a 








cot* a — 1 








1 + tan* 








1 -- tan* a 








1 + cot* a 








cot^ a •— 1 


cotec 


2a 




1 




2 sin a cos a 








coseC a 








2 cot a 








sec* a 








2 tan a 








1 + cot* a 








2 cot a 








1 + tan* a 



2 tan a 



The foramltt for the -secast give new formuIsB for the cosine, 
by changing the numerator into denominator, anA inversely* 
The formulae for the cosecant give new formulae for the sine, 
by the same process. 

The formulae F, No. 5, and 6 ; 18, and 19 ; 27, and 28, 
have not been employed, because they furnish less simple for- 
mulae, and it has not been considered necessary to swell this 
table by using them. 

$ 35. For the expression of the sine of half the angle, in 
terms of the functions of the whole angle, we first obtain, by 
liie transposition of the fcnviula Q, No. 3, writing i a, in- 
ste^ad of a; and A, instead of 3 a. 



S sin' I a ss 1 — cot a wheDce Jt 

(1 — cos a)i 
sin ^ a ass ■ ' ■ J 

Substituting, in the first of these formultB, the values taken 
firom Cy No« 5, we have, 

2 sin' i a = 1 ^ (1 _ gin^ a)* 

The part under flie radicals, may be considered as the differ- 
ence of two squares, and expressed by the product of the sum 
and difference of its roots. This transforms it into 

2 sin* I a i» 1 — (1 + SID a) i (1 — sin a)i 

Adding, on the right hand side of the equation, 

sin a sin a 

mmmmm — — — 9 Q, wUch does uot chaHgo 

£ 2 - 

its rahie, uid maidaig 1 >» | -|- |, it becomes 

sin a sin a 

2 sin* i a SB 4 -i + 4 (1 + sin a)i(| - sioa)l 

2 2 

1 *- siti d 1 -^ din a 

= 1 (I +sin a)i (I -sin a)* 

2 2 

As this forms a complete square, we may extract the root, 
which giyes us 

(I + sin a)* (I -^siB«)* 

sin J a ^2 «=» — — — 

/2 ^2 

and diTiding by v^2, 

iitt in = i (1 -f mn «)i - J (1 ^ sin o)^ 6 

We obtain for the expression of the cosine, by taking the 
fcnnula F, No* 4, and treating it in exactly the same man* 
ner that we have done for the sine, the following results, in 
succession; viz. 

9 cos* J a =s 1 + cos a 
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K- whence 

(1 + coa «)i 

3 cos i a C8 ■ , 

And for the formula analogous to No. 2, of this series, 
2 cos' } a CB 1 -f (1 -. sin* a)i 

= 1 + (1 + sin a) * (1 - sin a)h 

} +nioa 1 — sin a i 

2 2 

(1 + wn a)* (1 - sin a)* 
cos i a </2 = — — — + __— : 

4 cos I a = i (] + sin a)i + i (1 — sin o)l 

We obtain an expression for the tangent, in a Tery simple 
way, by diTiding the expression for the sine by that for the 
cosine, thus : 

sin ha (1 — cos a)i 

5 tan i a = •= — _. 

cos i a (1 -f C08 a)i 

Multiplying both numerator and denominator by (1 — cos a)^ 
we obtain 

1 — cos a 1 — cos a 1 — cos a 

6 tan i a == ■ = -. = — 

(1 + cos o)i (1 — cos o)* (1 — cos* a)i sin a 

Or, multiply ing in the same way by (t -f- cos ay 

(1 -^ cos o)* (1 + cos ay (1 — cos" a)i sin a 



T tan I a = 



1 4* cos a 1 + cos a 1 + cos a 

By the divisioii of No. 2 of this series by No. 4^ we obtsun : 

(1 + sin a)* — (I — tin ay 1 + 8>n ^ — cos a 



B tan } a = 



(1 + «in «)^ + (1 *- sis o)i 1 + sin « + cos a 
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CHAPTER IX. 

Trigonometric Functions of Compound Jingles, of wbtdi one 

Part has a Determinaie Value* 

§ 36. Ik the formulie of the series F, whence we have 
deduced the elementary formuIiB for angles in a determinate 
ratio to each other, we maj also assume: that one of the 
angles has a determinate value; and deduce useful formulie. 

In this case it will be proper to make use of angles of 
which the trigonometric functions that are to be employed 
are simple quantities. Taking then, as in series B, ft = 1, 
and comparing the values of d and k, fov the several values 
of the angles ; keeping also in mind the principles that have 
been already explained, namely, that 

sin 46** = €08 46**, and tan 46** = cot 46** ; eec 46** = coscc 46* ; 

it will be foiind, by the application of the formula, 

ftt = il« + fca, 

I s 

that 810 46o = cos 46** =• 1 

tan 46* = cot 46** = 1 g 

8ec 46° = cosac 46* = v^2 3 

It being a property of the circle, that the chord of the sixth 
part of the circumference is equal to radius; and that the 
perpendicular drawn from the centre upon this chord divides 
it into two equal parts, which represent the d, of the half of 
this sixth part of the circumference ; that is to say, that as 
the sixth part of the circle is 60% these parts represent each 
the value of d, for an angle of SO*"; we have in addition to the 
above, 

sin 30** = COB 60* « J 4 

And becaQ8e sia*a ea 1 ^ cos' a 
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2 



s 

5 COS 30^ = SID 60'» = (1 - (J)*)i = 



! 

^ tan 30<» = cot 60** = 

V3 

7 cot 30« as: tan 60** st= ^S 

S 
* sec 30® = cosec 60® = — 

9 cosec 30® s^ sec 60® = 2 

There are a number of other siiiular values^ to be foniid in 
the trigonometric functionsy the research of which is called 
Rational Trigonometry* But we have no room to inquire 
into these^ in this treatise* 

$ sr. The formulsB tiiat employ these det^minate an^esy 
are easily deduced from those of the series F« 

Assuming, in the first place^ that a = 45% we have 

cos 6 ± SID 6 

10 By F, No. 1 ; sio (46» ± 6) = cos (46® ^h)^ 

cos 6 7 sin 6 

11 2 ; cos (46« ± i) = sin (46o q: ^) = ■ 

V^2 

cos 6 ± sio ( 

12 3 ; tan (45® ± 6) = cot (45® q: 4) . 



13 ^; 



14 ^» 



cos 6 :f: sin & 
1± tani 

1 qp tan 6 
cot6± 1 



These formulie also give those of the other trigonometric^ 
iionctions, by their inT^raion^ which therefore are not repeated 
here. 

Substituting these values in succession, in the formulae of 
the series K, dividing by v^2 in the two firsts and rednciiq; 
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the two last, as indicated in the formulae Q^ No. S and 4, we 
have : 

By K, No. I and 3 ; 

sin (450 + 6) + sin (46o - *) cos (46° + b) +C08 (46° - b) . 
= cos 6 = ■—--------*—--—-------—— 15 

By K, No. 2 and 4 ; 

sin (46° + 6) - sin (46° - 6) cos {46o - i) - cos (46° + b) 

' = sin 6 = ■ 16 

By K, No. 6 and 8 ; 

2 

tan (46°+6)+tan (46°- 6) = = cot (45«-fe)+cot(46°+6) 17 

cos 26 

By K, No. 7 and 9 ; 

2 sin 26 

tan (46°+6)— tan(46'^-6) « =cot(46o-6)-cot(46°+6) !• 

cos 26 

If we substitute^ in these same formulse^ the values of the - 
sines, cosines, tangents, and cotangents, of the angles of 60% 
and 30**, ascribing these values to the angle a, we obtain the 
following formulae : 

cos 6 ± sin 6 y/3 
By F, No. 1 ; sin (30° ±« = = sio (60° ± h) Ifl 



4; 



2 


cos 6 ^/3 i^sin^ 


2 


cos & ± sin 6 ^^3 


cos fc ^3 q: sin b 


1 ± tan 6 v^S 


y/3 :ftanb 


cot b± y/3 



2 ; cos (30° ± 5) = = sin (60° ± b) 20 



3 ; tan (30° ± 6) = = cot (60« db b) 21 



22 



6; ==-: 23 

cot b i/3 ^: I 

H 
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24 By K, No. 1 j cos 6 = sin (30° + b) + sin (30°- 6) 

= cos (60° + b) + COS (60° - 6) 
QS « ; tin 6 v^3 = sio (30° + b) -^ sin (30° - 6) 

■= cos (60° — 6) - cos (60o + b) 
^e S; . cos & v/3 = cos (30° + ^) + cos (30° - b) 

= sin (60° + ^) + sin (60° - 6) ; 
£7 4 5 sin & =3 cos (30© — 6) — cos (30© +- b) 

= sin (60° + b) — sin (60o — b) 

^g 6 ; == tan (30° ± 6) + tan (30° ::f b) 

3 — 4 sin* b 

4 sin 26 

oa 7; = tan (30o + 6) — tan (30° - 6) 

3-4 Bina 6 



86 



51 



32 



S3 



2 -1/3 

8 J == cot (30* T *) + cot (30° ± 6) 

4co8«6— 3 

4 sin 26 

9^ = cot (30°— 6) ^ cot (30° + 6) 

4 C069 6 3 

6 ; = tan (60° ± 6) + tan (60<^ ip 6) 

COS 26 

4 sin 26 

7; = tan (60° db 6) — tan (60° qp *) 

1 — 4 sina 6 



2 V3 

34 . « 5 = cot (6O0 qp ^) + cot (6O0 ± 6) 

4 cos^ 6 -. 1 • 

4 sin 26 

C,5 9 J s= c»t (60° qp ^) — cot (60° ± b) 

4 cosa 6 — 1 

These formul» will be more than suflBcient to show the man- 
ner in which this investigation is performed* They are^ be- 
sidesy of little use at present^ although they were employed^ 
at least in part, in tlie first construction of trigonometric 
tables, before they were expressed in aa analytic form. 
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CHAPTER X. 

Elementary Considerations in relation to the Application of 
Trigonometric Functions to Analysis^ and to Calculations in 
general. 

§ 38. It has been seen, by the series E, that the several 
trigonometric functions assume, in succession, every value 
between 0, and Infinity, both with the positive and negative 
8ign« They are, in consequence, capable of representing 
every possible quantity that can occur in calculation, and 
the different combinations of the trigonometric functions give 
the same combinations of these quantities, that they do of the 
trigonometric functions themselves. 

The inspection of several of these formulae has already 
shown, that they may, for instance, serve to change an addi- 
tion or subtraction into a multiplication or division; and 
thus transform a calculation by natural numbers, into one by 
logarithms; and in like manner to produce other changes of 
the form of calculations. Tables have even been made to 
facilitate such calculations. In the course of tlie solutions of 
triangles, whether plane or spheric, a frequent use will be 
made of them, by means of what are called auxiliary angles; 
and since the method is the same for all other quantities, it 
will be sufficiently illustrated by this application of it. 

§ 39. There is another case where these functions are of 
great and general use in analysis. It deserves particular 
consideration, in consequence of the nature of the changes it 
demands in the trigonometric formulas, and of its great uti- 
lity. We speak of its application to those quantities that 
are called transcendental, which are reducible to circular 
arcs, and occur frequently in the integral calculus. 

In order to prepare the way for this application of our 
formulse, it must be^ in the first place, observed : that if 
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X = sine a^ we have a =■ arc whose sine is or* This is com- 
monly expressed thus : 

a = arc : sin (a?) 

And so in all other cases; this expression is nothing m<n*e 
than the algebraic mode, of expressing the idea; as in the 
case of sine^ cosine, &c. If, then, we assume : 



a; =^ 81D a * 



y = C08 a 
z = tan a 

we obtain for the elementary expressions of this mode of 
notation Hie following formnte, which are analogous to those 
T of series A in the beginning, viz : 

1 a = arc : sin (a;) 

2 = arc : cos (y) 
S = arc : tan (z) 

4 = arc : cot 



= arc : sec 



(t) 



= arc : cosec 



s= arc : tan I — I 

\y / 

(7) 



B = arc : cot 



^ 40. We have also, by analogy with series C, the follow- 
ing propei*ties of these same quantities, with all their possible 
algebraic variations ; viz : 
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in^enc« may be deduced, as in the preceding section, the 
following formulae : 

a ^ arc : no (v^Cl — y*)) ^ & 

= arc : c«8 (\/(l — *')) ^^ 

= arc : tan {'lUzy^ = arc : tan i "i \ n 

= arc : cot ^v^lLZ-f!l\ = arc : cot ( 1 ^ 12 

V ^ / \V(i-y»)/ 



arc : sec 



(to^) = "" "" ^^^' + '"^^ 



13 



= arc : coaec | | = arc : cosec I v C "^^..A 14 

By means of these formulse, therefore, we may express, by 
one or more arcs, any quantity that is given in the form 
of one of the trigonometric formulie. Considering this 
quantity as representing the corresponding trigonometric 
function, the arc (here called a) will be that which is denoted 
by the trigonometric function, to which this quantity has 
been assumed to be equal, in conformity with the fundamental 
denominations assumed. 

It must be also observed ; that the simple .fiinction that is 
to be represented, must be that which correspondis to the 
function involved in the complex formula ; since the object 
of this kind of transformation Ls always that of disengaging 
this quantity from its complications, by means of the relations 
of the several trigonometric functions ; as in this example : 

a = arc : sm (a?) = arc : cot I I 



= arc : sec 
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a =:=^ arc : ^ob (^/(l -^ «')) 
= arc : tan | --—- rr | 

)Bmd in like manner in every other case* 

$ 41. To attain the ohject of this chapter, it will be suffi- 
cient to apply this mode of transforming functions to the 
fundamental formulae of the series F and Q* Thest; occur 
most frequently, and will show the manner of applying this 
fenethod to every other form furnished by Analytic Trigo- 
nometry, 

For the series F, we must also assume another arc = ft ; of 
which the functions, corresponding to those of the arc a, are 
test distinguished merely by an accent; so that we have for 
the two arcs a, and b, 

a; = sin « x = sin h 

y = GOB a y= cos h 

2 = tan a z' =:= tan b 

« 

with all their consequences, as above explained* 

Substituting these values, the formula F, No. 1, will be 
represented in the following manner* 

sin (a ± 6) = ofy' ± ap' y 3= xy/{i — x'^) ± x' ^{\ — a;^) 

Which will give, according to the principles that have been 
laid down, values such as : 

sin (arc : sin (a:)±arc : sin (x)) = x v^(l — {xy^±x ^(1 - x^) 

and all the similar ones, that may be drawn from the 
preceding expressions* 

If we take, on both sides of the equations, the arcs who^e 
trigonometric functions are represented by these quantities,, 
we obtain the result that is sought, viz : 
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tire : sin (x) ± arc : ain (x') 

^ arc : sin (x y/{\ - « «) ± x'. ^(1 - ««)) 1 

arc : cos (y) ± arc : cos (y ) 

= arc : sin (y ^^(1 - y") ± y x^O " V')) . 2 

4 

From the formula for the cosine, F, No, 2, we obtain by 
a similar process : 

cos (o ± 6) = yy qp a;* = yy =F \/(l - »") V d - y'*) 

= ^(1 - x«) v/(l — »'•) T aa^' 

Whence 

cos (arc : sin (x) ± arc : sin (x)) = ^(I - «») v^(l -a;'") =f a;x' 

cos (arc : cos (y) ±arc : cos Q^')) = yy'=F v/(l - »") v/(l - y") 

And as final results : 

arc : sin (x) ± arc : sin (x ) 
= arc : cos (v/(l - x«) ^(l - x'«) irxx') S 

arc : cos (y) i: arc : cos (y) 

= arc : cos (yy T •(» - !/»)v^(l -» ")) ^ 

The formula F, No. 4, gives : 

\±z'— z±z' 

z 



tan (a ± 6) = — j 



_ :r: / 1 T ^^ 

z 

(The three next formul» give forms that are identical.) 
We obtain from this last expression : 

z ±z! 

tan (arc : tan (z) ± arc : tan fo')) = ; 

^ I ^^ zz 

And finally : 

(Z ± 3f\ 
T^lsz') 

It will be readily conceived, that the use of these expres- 
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sions^ combined in every possible mannor, and even the intro- 
duction of the values of the tangents, instead of the values of 
the sines an^ cosines, and conversely, would furnish a multipli- 
city of formulae ; but they would become either complicated 
.or identical; for it must be considered, that we do not 
treat of the quantities themselves, but of the form of tbeir 
combinations* 

It will be seen, that in this point of view, the formula U, 
1 and 2, are already identical ; for each of them shows, in 
each of its terms, a simple quantity, afid the square root of 
Unity diminished by a square* 

This is not the case in the formula deduced from the cosine ; 
for in them the different products have different signs* The 
cotangents will evidently give the inverse of the tangents ; 
and the same is the case with the secant and cosecant, in re- 
lation to the cosines and the sines* 

§ 42. Applying this process to the series Q, we obtain : 

By Q, No. 1 ; sin 2a = Zxy = Zx v^(l — x^) = 2y ^(1 — y^) 
which gives 

sin (2 arc : sin (ar)) = 2x \^{l — x^) 
whence 
[* arc : sin (x) ca J arc : sin (2a: ^{l - »«)) 

gjand 

[ arc : cos (y) = i arc : sin (2y y^(l - y^)) 

By Q, No. 3 & 4 ; 

cos 2a = I - 2a:« = 1-2 ^{1 - ya) 

= 2 1^(1 -ar«)- 1 =b 2ya-.l 
cos (2 arc ; sio (x)) = 1 - 2x« = 2 v^(l -*«)-.! 

cos (2 arc : cos (jf)) = 1 — 2 -/(I - y«) = 2y« — 1 

and from these we obtain 

7 arc : sin (x) = 4 arc : cos (1 — 2ar») 

= iafc : cos (2 ^{l — ««) — l) • 
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arc : cos ^) a i arc i cm (l -» 2 y/(l ^ $<)) 

» J arc : cos (%*— 1) 8 

BjQ,No. 5). tan 2a = = 



1 

z 1 ^ z» 



whence 



tan ^2 arc : tan (2)^ = 



%2 



1 — 2r« 



These formuls^ which may besides be useful^ will suffice to 
give an idea of this application of Trigonomelry in the analy- 
sis of infinitesimals. 



CHAPTER XI. 

General Formvlgd for the Trigonometric Functions of MiUipU 
Angles, in Terms of the Functions of the Simple Jingk 
ondy. 

$ 43. Is chapter YII. we have exhibited general and 
simple formulae for the sine, cosine, and tangent^ of a multiple 
angle, in terms of the functions of its aliquot parts ; and like- 
wise theiir application to sueceBsive multiples^ in tibe eeriesT. 

By successive substitutions and reductions, we might de- 
duce from these^ expressions in terms of the functions of the 
simple angle only, 

•For the sake of greater simplicity^ we shall here deduce 

these formulae from those of series F» No. 1 and 2, alone. 

After a small number of jnoltjfles have been examined, 

a general law will be discovered^ by which the determination 
I 
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t>f the munerical coelBlcients, . and the order in which the * 
powers of the several functions succeed each other^ is pre- 
scribed. This law will thus be established by induction ; and 
in the succeeding chapter we shall apply it^ in order to give 
an idea of the manner in which trigonometric tables may be 
constructed ; a subject whose principles must be understood^ 
although it cannot be here treated ol in all its details. 

It may easily be seen^ that a variety of formula ndight be 
obtained^ but we shall treat of those only which are the most 
simple. 

$ 44. If^ in the formulae F, No. 1 and 2, we assume a^h, 
we have seen in section S4, by the formulae Q, No. 1 and 2, 
that : 

sin 2a sa 2 sin a cos a 
COS 2a = €08^ a — sin* a 

Continuing this process^ by means of successive assump-* 
tions^ such as 

b = 2a ; whence o + 6 = 3a 

we obtain for this case in the first place^ by F^ No^ I : 

sin 3a = sin 2a cos a + cos 2a sin a 
and 

cos 3a = cos 2a cos a — sin 2a sin a 

Substituting the values of sine Qa, and cosine Sa^ in con- 
formity to the value just preceding^ we obtain ; 

sin 3a := 2 sin a cos' a + sia a cojs' a — sin' a 
BBS 3 sia a cos* a — sin' a 
and 

cofl 3a s cos* a — cos a sin* a — 2 sin* o cos a 
ss cos* a — 3 8in*aco8a 

For a quadruple angle we shall have : 



sin 4a = SID da cos a 4- <!0^ ^ ^^^ ^ 
cos 4a ss cos 3a cos a — sin 3a. sin a 

And substitiiting from the last : 

j» sin 4a 2= 3 sina cos' a — • sin' a cos a 4* cos^ a sin a -«• 3 sinr' a cos 

Reducing: 

sin 4a =: 4 sin a cos^ a — 4 sin' a cos a 

in like manner : 

cos 4o =3 cos* a — 3 sin* a cos* a — 3 cos» a sin* a + sin* a 

a= cos* a — 6 sin« a cos' a + sin* a 

« 

We obtain for a quintuple angle the following results in 
succession : 

sin 5a as sin 4a cos a + cos 4a sin a 

sa 4 sin a cos* a— 4 sin' a cos' a+sin a cos* a —6 sin 'a C08'a+sin*a 

«= 6 sin a cos* a ~ 10 sin' a cos' a + sin' a 

and . 

COS 6a s cos 4a cos a — • sin 4a sin a 

= cos'a'^G sin'a cos 'a + sin* a cos a •^ 4 sin^a cos' a4»48iA* acoB^ 

s= cos' a — 10 sin' a cos' a -f* 5 sin* a cos a 

It is easy to extend this calculation to the subsequent mul- 
tiples, for which reason we shall only give the results. 

sin 6a = 6 sin a cos' a •*- 20 sin' a cos' a + 6 sin'a cos a 
cos 6a = cos' a — 16 sin* a cos* a + 15 sin* a cos* a — sin* a 
sin 7a = 7 sin a cos' a — 35 sin' acos*a + 21 sin' a cos^ a— sin ''a 
CQ0 7a sscos''a-<-21 cos' a sin' a -|r 35 cos' a sin* a— 7 cos a sin' a 

The simplest, and therefore the best, mode of considering 
tiie tangent, is, by dividing the sine by the cosine, and xt^ 
ducing. By this process we have ; 
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tan 2a sss 



tin 2a 



cos 2^0 



2 sift a cos a 



cos*- a — sin*- a 



S tano 



1 — tan* a 



tan 3a = 



3 sin a cos* a — did*« 
eafs a --* 3 tin* a cckS a 



SXma^iHtk^a 
1-^3 tan*^ a 



To obtain the second result, we diyide constantly by that 
power of the cosine which constittttea the first term of the 
denominator* 

It may be proper, before proceeding farther, to nfMt alt 
these results in a tables by which their use may be facilitated^ 
in obtaining conclusions from them for the general formula 
that are the object of this investigation. 
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sm a SE sin a 

sin 2a aBs 2 sin a cos a 

sin 3a = 3 sin a tos* a — sin» a 

sin 4a as 4 sin a cos^ a — 4 sin^ a cos a 

sin 5a = 5 sin a cos* a — • 10 sin^ a cos • a + sin* a 

sin 6a tsa 6 sin a cos* a -— 20 sin^ a cos^ a + 6 sin* a cos a 

sin 7a = 7 sin a cos« o-^36 sin' a cos* a + 21 sin* a cos* a—sin'' a 

sin 8a s£ &c« 



cos* a 



2i 



I 



cos a = cos a 
cos 2a : 

cos 3a = cos 3 a — 
eos 4a = cos* a — 
cos 5a = cos* a — 
cos 6a =^ cos* a *— 
cos 7a = cos''a< 
cos 8a s &c« 



sin* a 

3 sin^ a cos a ' 
6 sin* a cos* a + sin* a 
. 10 sin* a cos* a^ + 5 sin* a cos a 
- 15 sin* a cos* a -|- 15 sin* a cos* a — sin* a 
Si 8in*aco8* a + 35sin*acos*a— Tsin* acos d 



W 
tan « =i=^ tan a 1 



Uiaftm 



tan da 



tan 4a 



tan 5a = 



tan '6a = 



tan 7a = 



1? tail 

1 —tan' a 

3 tan a — tan^ a 

1 — 3 tan' a 

4 tan a — 4 taa^ a 

——————— ^ I I 

1—6 tan* a + tan* d 

6 tan a — W tan* a + tan* a 

1 ^ 10 tan* a + b tan« 4 

6 tan a — 20 tan^ 04-6 tan* a 

1 — 16 tan' a + 16 tan^ a — tan* a 

7 tan a — 36 tan^ a + 21 tan* a — tan'' a 



1—21 tan^ + 35 tan* a — 7 ttai* a 
tan 8a == &c. 

$ 45. If we consider fhe foregoing formnlsd for the sine 
and cosine of the multiple angles expressed whoUjr in terms 
of the sines and cosines of the simple angleSf and their sue- 
ceniVe,poWws^ both in rriation to the cHrder in whieh these 
powers^ and to that in which their coefficients^ occur^ we 
fAM perceive^ that ; for every oonrespoitdBiig inultii]^e of the 
j^ine and cosine^ foeginniBg at Utt first term of the cosine^ 
thence pasmng to the trst term of the um^ tbeb ftom th^ 
second term of the cosine to the second of thc^ sine, and so on 
to the end ; we hare all tiie terms of the binomial in regular 
order, as well for the powers of cosine a, and sine a, as for 
their numeric coefficients ; Willi this diffisrence oiily, that a 
regular change of the signs^ +, and — ^ takes place sepa- 
ately, in each of the series. 

The same law holds good in the case of the tangents^ as 
far as regards the coefficients ; and tlie powers of the tangents 
fellow in a regular order^ from the numerator to the denomi« 
nator, aitemately. 
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$ 46. We ntBjf therefore, substitute the terms of the bino- 
mial theorem in the formulaB, which will express at one yiew 
the general law* Calling, then, the number that expresses 
the multiple of the angle, n, we shall have the following gene- 
ral formuliB, yiz ; 

n (n -. 1) (n - 2) 

4 tin na « 'n sin a cos'""* a sin" o cos'"* « 

1.2.3 

n(ji-.l) (n — 2)(n--3) (n-4) 
^ I — . — ■ sin* a cos' "" * a 

1.2.3.4.5 

n(ft •— 1) . • . . (ft — 6) 

— --r--— --—----— —^ sin'' a cos' -''a 
1 . 2 7 

n(«~l) • 

5 cos • a Bs cos' o — cos'- ? a sin* a 

1.2 

»(»—!) (fi-2)(fi-3) 

+ ■ cos' - * a sin* a 

1.2.3.4 

' n (tt — 1) . . . . (n — 5) 

— ■ cos' - • a sin* a 

1 . 2 6 

n (« — 1) ....(» — 7) 

4. ■ COS'-* a sin* a — &c. + &c, 

1 . 2 8 

Making, in thesie two series, cosine«» a, a common factor to 
the whole series, they present series with tlie powers of the 
tangent of the simple arc in regular succession ; thus : 



n (n — 1) (n — 2) 

6 fin » a =B cos' a | n tan a — ? tan« « 

2 . 3 



I' a In 



n(n-.l)(fi-2)(n-3)(n^4) 

+ ■ ■ tan* • 

2.3.4.5 

n(it— !)(» — 2) (» — 6) 

— . tan'' o 

2.3.4.5.6.7 

n (n — 1) (» — 2) ....(» — 8) v 

+ ■ — tan» a — lie. + ke* j 

2.3.4.6.6.7.8.9 ' 
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COS » o = COS' oil— ' ' tan* a 7 

ii(n-l)(fi — 2)(n— 3) 
-|. ■: tan* a 

2 • 3 . 4 

A (»- 1) (n - 2) (fi — 3) (« — 4) (» — 6) 

— ■ — — t^* a 
2.3.4.5.6 

n (n — 1) (» — 2) (fi — 3) . . . . (»-. 7) 

+ ■ ' tan* a 

2.3.4 ,6 .6.7.8 

fi (n — 1) .... (n — 9) ' ^ 

— ■■ tan** a + &c. — &c. I 

2 10 / 

By the diTision of 6 by 7^ the series for the tangrat 
becomes: 

n(n-l)(n-2) n........(n - 4) 

n tan a — tail* a -| tan* a 

2 .3 1 6 

n(n — I) n (n — 3) n.....(n — 5) 

1 tan* a H — tan* a — — tan* a 

n(n--l) (n — 6) 

.^ — tan? a + &c. 

2 7 

n{:ii^ 1) (n — 7) 

+ ■ tan* a — &c. 

2. ...8 

PerForming the division which is here indicated, (which 
may be done most easily by the method of indeterminate co- 
efficients, that will be explained hereafter,) it is immediately 
discovered, that every subsequent term of the resulting series 
depends on all the preceding ones, by a combination of the 
binomial coefficients; the law of which is easy and simple, al- . 
though the series itself, when developed, becomes long and 
complicated, though regular. It shall be represented here in 
the first shape. For this purpose, let the series be represented 
by the following^ with undetermined coefficients^ which, it 



n 



piara u 



wSl be seen, may all be detaiiiiiiied from e|u)h other when the 
first is determinate, as is tiie case. 

tan a a = jltana -|-J9tan^ a + Ctm^ a -f* J9 tan'' a 

+ jEtan» a + Ftan>« a 

The detmBinatfon of Hiese ooeffiiients {^es J = n ; and 
therefore, fbr the conreidence of writing the result, denote 
the snccessive binomial coeflBicients thus ; call : 



m-^ 1 



«•— « 



n^S 



2 


• 3 


4 




• ^4 


» — 6 




— — n^ 


» '•-•- ^ m^ 



Is I 



9^ 



5 6 

Then will the series be represented in the following form : 

'tan na w n tai» a + (a »| «^ *- n n, n,) tans a 

» 

+ (n n^ B -^ n ai n, n, t^ + a n, «^ a^ h^) tan* a 

+ {a n| C — a a, a, a^ B <^ a aj....a3 A — n a|...«a^) tan' a 

■t* (a ai D — a aj a, aj C^ -{- n.»„n^ B— a....a,^ A 

+ n..,.!!,) tan* a + (n aj £ — n a, n, a, 2) 

+ a.«..a^ C— a....a,| B + a... .a, j9 — a....a,) tan'* a + ice. 

which may evidently be continued with ease, as the law is 
apparent. The deyelopement of the factor remaiiung some- 
what complicated, it may be omitted here, particularly as in 
an calculations of series, the terms are calculated in succes- 
tion, the first term being always made the largest* 
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CHAPTER XIL 

Elementary Ideas rdating to the Construction of THgonometric 

IMlis. 

$ 4r. We have already seen, that the circumference of the 
circle and the trigonometi*ic functions are incommensurable ; 

• 

the latter cannot^ therefore, be expressed in parts of the first, 
and conversely, except by approximation, or by the trans- 
cendental or infinitessimal analysis. The first of these me* 

J 

thods was employed at first, before the latter had cleared an 
easy way to results c^ this nature. 

In order, then, to give an idea of the methods that may be 
employed to determine the trigonometric functions, by the 
methods of the infinitesimal calculus, it is necessary that we 
previously give an idea of the form of this calculus. 

In the series of formulae £, we have already seen the ex- 
pression i; = Infinity. By it we are to understand, that the 
quantity it ei^resses is greater than can be expressed by 
numbers, in the same way that represents the absence of all 
quantity. An attentive observation of the values given by the 
series £, shows the complete circle of all possible quantities ; 
for in it the ratios between the several lines are seen to in- 
crease from to 00, both positive and negative; and under- 
gcMng cbanges of sign in both transitions, through these ex- 
treme values* This shows, at the same time, that all conside- 
ration of quantity is wholly relative, for it is from a ratio 
that this result is obtained ; a result, as simple as it is valua- 
ble, in mathematical researches. 

We ground upon the foregoing, a principle of constant use 
in the infinitesimal calculus ; it consists in repelling or re- 
jecting in this calculus every quantity which is not multiplied 
by 00, as not appertaining to the hypothesis on which this 

calculus is founded. 

K 
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Admitting Uien qo into the series of symbols, that express 

1 
quantity, we shall have equal to what is called : infinite- 

ly smally and as in every species of calculus we must employ 
th& cpn^'entional signs in conformity with their conventional 
signification, and the ViJae attributed to them,, we have 

1 aoo 
00 — = 1 ; or = o ; 

00 00 

t 

that is ^o say, a quantity divided by qo, and multiplied by oo^ 
is equal to the quantity itself, as is the case with any other 
number ; all this is no more than a form of calculus, by which 
the properties of oo are determined, or agreed upon, as is the 
case with all other symbols that represent quantity. We must 
never lose sight of the principle, that in analysia in general 
we only consider the form of the combinations of quantities, 
without regard to the quantities themselves ; except so far as 
regards thejr ratios to certain other quantities, that are com^ 
pared or placed in relation with them. 

When what has been said above, is once understood, it will 
be easy to comprehend the use tliat is made of these princi- 
ples, in this chapter ^ in which we show the manner of deter- 
mining, by means of the general formulae already given, the 
trignometric functions of a given angle or arc, upon the as- 
sumption, that the value of *ic is known \ which supposition is 
then justified by the inversion of these results, so as to de- 
termine the value of ^, by means of the preceding formulae, 
expressed in parts of the radius taken equal to Unity. 

$ 48. In conformity with the principles just laid down, it 
will be sufficient to assume, in the series W, No. 4, 5, 6, and r, 

1 

the arc a = ; that is to say, infinitely small ; and the 

CO 

number by which it is multiplied, n = oo, and investigate 
the consequences of this hypothesis, in conformity with the 
principles and formulae already explained. 
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It will be ascertained, by means of the values found in the 

1 
series E, that when a = ; the yalue of cos a = 1 ; the 

QD 

sine or the tangent is equal to the arc itself, being all perpen- 
diculars at the end of the radius = 1, and indefinitelj 
smalL 

This supposition will transform the formula quoted, into 
such as contain only the powers of the quantity, (na,) and 
the numbers that are found in the denominators of the sereral 
terms. (To make this more clear, as well as for the sake of 
brevity, we shall here suppose na = x.) 

By this method of proceeding, the formula W, No. 4, is 
transformed thus : 

gin c =3 X — ^ — \- 



2.3 2.3.4.5 2.3.4.8.6.7 2.4.5.6.7.8.9 

+ kc. 1 



2.3 10.11 

and the formula W, No. 5, into the following : 

X^ X* X^ X* 

cos « = 1 — — + 



^-~mmmm»m 



2 2.3.4 2.3.4.5.6 2.3.4.5.6.7.8 



«»• x^^ 



H + &c. 2 



2.3 9.10 2.3 11.12 

The formula for the tangent W, No. 9, becomes 

x« 2a;« 17a:'' 2.31 a: » 2.691.a:** 

tan X = a: + — + 1 1 1- 



3 3.6 3\5.7 3'.6.7-9 3f.5».7.9.11 
2.8447.a»3 



3».5a .7.9.1 1.13 



+ &c, 3 



^ 49. These series then give, by aj^roximation, the sine^ 
cosine, and tangent of an arc (na =ix) which is supposed to 
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be given under the hypothesis, that n = QD, and a = — — 5 

tliis arc being expressed in the same terms bs *, or in terms 
ef the radius. 

The inspection of the formulae that present increfludii^ 
powers of this arc^ shows, that in order to obtain a sM4e9 
whose following terms shall each be less than ihat which 
precedes it, {x,) must be a fraction, the powers of which con-^ 
siantiy decrease ; this wiH always be the case here^ as fte 
arc equal to the radius, which is the unity in which «* is girm, 
is mure than 57M7'.44", 8, and we have seen, (in chapter 9,) 
that the trigonometric functions need at farthest be calculated 
to 45°. A multiplicity of formulae give the values of the tei- 
gonometric functions of compound and multiple arcs, from 
the functions of their parts 5 it is therefore sufficient to calcu- 
late the latter, by those series, in a proper manner, to obtain 
all those which may be necessary. 

The smaller the arc a?, the fewer terms of the series will 
be needed, in order to obtain the value accurately to a given 
number of decimal places : but in this respect it is obviously 
necessary : that, as the result of the first calculation is to be 
multiplied, to obtain functions of the greater arcs, we must 
give to the first calculation or value, a proportionally greater 
number of decimals. 

These explanations will suffice to give an idea of the man- 
ner in which trigonometric tables may be calculated^ which 
is all that we need illustrate in this treatise* 

$ 50. The last condition that remains, is, to determine 
the value of ^, in terms of the diameter, or rather^ of ^r, 
in terms of the radius, which is evidently the same thing. 
The series which have been pointed out, perform this office 
also, by means of the procesa in calculation, called the 
inversion of series. This process has in itself no difficulty ; 
it will be explained by the application which shall hwe be 
made of it, in relation to the last of the above series, wfakk 
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is chosen here, on account of its leading hj the most converg- 
ing series, to the end here proposed. 

To do this, a series is supposed given in the form in which 
it may be always easily foreseen that it will assume, in which 
the coefficients are indeterminate, and become determined in 
the course of the process. 

For tiUs purpose we shall assume, in the presmt caae^ 

X ^Aim9 + fitan»x+Ctan*a; + D tan'' a: + £ tan» « + &c. 

We shall next express the several values of tangent a;, 
tangent ^Xt &c. by the preceding series, X, No. 3, audits cor* 
responding powers, usang no more terms than are necessary 
to determine the law of tiie progression of the coefficients. 
The sum of all the terms, will evidently give a new value of 
x, and subtracting x from both sides of the equation, the va- 
lue of the resulting series becomes = ^ from this it neces- 
sarily follows, that each sum of the terms of the various pow- 
ers of tangento; will itself be =a 0, since the equation must be 
true whatever be the value of tangent x. From this conse- 
quence are deduced as many equations as there are undetermin- 
ed coefficients ; these coefficients therefore become determina- 
ble in succession ; the value of the entire series will, in-conse- 
quence, be determined by the insertion of those values in their 
proper places. 

The following is the process : 

Expressing the several values of the powers of tangent x, 
by the multiplication of series No. 3, itself, we obtain, after 
multiplying each by its appropriate coeffident, ' 

A 2j9 17 j9 a2j9 

j3 tan Of = Ax A x^ -^ x* H x'' + » »• + 

3 3.6 3«.5.7 Sa.6.7.9 



C tan« X = 



+ 


UB 

Bx' + «' + 

3.5 


88 « 
3».7 


+ 


6C 

3 


IfiC 

«• + 

3» 



7« 


VAST !• 






Dtxa''x == 


/ • 


ID 

D *' + «• 

3 


+ 


E tan» X = 




+ £ «• 


+ 


Ftwi«»« = 


i 




+ 


&c. Ice. 









The series gireii above for Xf becomes thus equal to fhe sum 
of all these terms, and subtracting x from both sides of the 
equation 

= (jf • 1) X + ( — + 5 J «» + f — + B + C J«« 

(17 A UB 6C \ 
+ + _ + D 1 x^ 
3«.6.7 3.6 3 / 

(62jI 88 B 16 C 7D \ 
+ + + + E)x» + tc. 
3«. 6.7.9 3*.7 3« 3 / 

We thus obtain, for the determination of these coefficients, 
the following successive equations and results : 

jj — 1 =0 whence jf = 1 



A 

— + B = 

3 


B 


1 
3 


2j9 

+ B + C - 
3.6 


C 


1 

= + — 
6 


nA UB BC 

+ + +i)=0 

3«.6.7 3.6 3 


D 


1 
7 


62 jJ 88 B 16 C 7D 

+ + + + fi=0 

3«.6.7.9 3».7 3« 3 


E 


1 

= +- 
9 



Ice. Ice. 

Substituting these values of the coefficients, in the series as- 
sumed for the value of x, we finally obtain 
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X sK tao 9 — } latt^ » + i tan' x — 4 ^^'^ ^ + i tan* a; 

— -jJj-tan** ar + &c. 

$ 51. To make use of this series for the purpose of deter- 
mining the value of ^^, we may make use of several methods^ 
drawn from the combination of different arcs, whose tangents 
are rational^ or expressed in simple fraction/s* As an exam- 
ple we shall only choose the following : 

Assuming the arc of 45% whose tangent = 1, to be 
compounded of two other arcs, the tangent of one of which 
tan a = i ; we have by formula F^ Mo* 6, 

l + tan* 

tan (a -f- &) s= 1 =: *. 

1 - iiaab 

which gives the value of 

tan 6 =x ^ 

We therefore have twotangents^ expressed in simple firactions^ 
that may be introduced into the series Xf No. 4, and whose 
sum will give the value of the arc of 4^. Four times this 
value is the half circumference^ or the value of *, which is 
the quantity sought^ expressed in terms of the radius := 1. 
This substitution in the series gives 

h - J (J)» + * (*)' - * (*)' + i (*)• - A (*)" 



+ AC*)'*- rV(i)" + ««5 



:! 



Performing these calculations to a sufficient number of terms^ 
we obtain^ in whole numbers and decimals, 

«* = 3,1415926535897932384626433832795, kc. 

This being the value of an arc of 180*", in terms of the ra- 
diu99 It may be seen how the value of any arc whatsoever, 
may be expressed in parts of the same radius, by taking a 
proportional part of this value of 180**. This value of ap 
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arc>=: Xf may then be inserteA in the series H, No. 1, dy 3^ to 
calculate from it the rim, connCf or tangent, in conformity to 
the assumptions that have been made in speaking of these 
series. 

$ 52. We haye thus completed the circle of our analytic 
inyestigationy in relation to the trigonometric functions; be- 
ginning with the elementary definitions, or functions, dedu- 
ced from the ratios existing between the sides of a right-an- 
gled plane triangle, and proceeding until we reach the deter- 
mination of the value of the circumference of the circle in 
terms of the radius ; which last value serves as a foundation 
for the calculation of trigonometric functions in actual 
numbers. 

By means of series more advantageous than those which 
have been given, but whose investigation here would lead ns 
too far, the number «*, has been calculated to 148. places of 
decimals ; an accuracy far beyond what is ever necessary in 
any calculation whatever ; and which, even more than ever, 
renders it useless to search for the quadrature of the circle. 

It cannot belong to this treatise to treat of logarithmic 
series for the trigonometric functions ; logarithms in general, 
forming no part of our plan, would introduce a complication 
that is not intended. In the 4th part of this treatise, their 
knowledge is, however, necessarily supposed^ at least so 
far as ail trigonometric tables usually teach, in tibeir intro- 
duction. 
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PART II. 



PLdJS'E TRIGOJ^OMETRF. 



. CHAPTER I. 

Solution of all the Cases of Oblique Angled Plane Trigonometry. 

$ 53. Pkotided with the analysis, the results, and formulae 
ot the foregoing chapters, Oblique Angled Plane Trigonome- 
try becomes an easy application of the formulse we have ob- 
tained to the solution of all its several problems. We shall 
here treat of it in this point of view. 

In order to determine a lineal dimension, it is necessary that 
one of the given quantities should be also a lineal dimension. 

To determine the absolute value of a triangle, we must 
therefore have, among the data^ one of its sides, for it is 
well known, by the elementary principles of geometry, that 
the determination of the angles only, determines nothing more 
ihan the similarily of the triangles. 

We now give the various pioblems with their solutions. 

§ 54. Problem 1. To find the relation between the sides 
and one of the trignometric functions of the angles of an 
oblique angled plane triangle. 

Let ABC, (figure 6, and 7,) be an oblique angled plane tri- 
angle, whose sides are a, 6, c, respectively opposite the an- 
gles of the same name. From the point JSt let fall the per- 
pendicular AD = d upon the opposite side BC = a, or upon 
that side produced, if the angle B, or C, be obtuse, (as in fig. 
L 
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79) the triangle ABC will furnish two right angled triangles^ 
ABDf and ACDj having the side, 4D = d, common. 

Solution. Bj the formula No. 1, of the series A, or first 
definition, we have in the two triangles, and in both cases, 
(since the sine of an angle is equal to the sine of its supple- 
ment.) 

d d 

— = SID C ; aud — = gin £ 
h 

Therefore : 

d s=; & . sin C := c • sin £ 

Or, expressed in a proportion : 

Y 

5 : c = sin £ : sin C 



li 



And this being general for any side^ we have also : 

h X a = sin £ : sin j9 
a I c = sin .^ : sin C 

TfaiiSt is generally expressed thus : 

In any plane triangle, the sides are to eadi other as the 
sines of their opposite angles.lt gives therefore the solution of 
all the cases, where two of the parts given are opposite to 
each other, and the part to be found opposite to its corres- 
ponding given part. 

Corollary* If from the three angular points of a triangle, 
perpendiculars be let fall upon the opposite sides, these per- 
pendiculars are to each other in the inverse ratio of the sides 
on which they fall. 

In the triangle JtBC, (fig. 8,) let d, d% be the perpendicu- 
lars falling upon the sides a, and (, respectively ; we have 
by A, No. 1, as befoi*e, 

d d 

8inC = — = — ; or d : d = b : a 
h a 

§ 55. Prohkm 2. In an oblique angled plane triangle, given 
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the two sides and the included angle^ to find the two remain- 
ing angles. 

The sum of the three angles of a plane triangle is always 
equal to two right angles; (elementary geometry ;) in this case 
then we have given not only the two sides, and the angle in- 
cluded, but also the sum of the two angles sought ; all them 
that is necessary to determine each angle separately, is to 
find their difference ; for the largest is iequal to half the sum 
increased by half the difference, and the least to half the sum 
diminished by hs^ the difference. 

In the same triangle that has been used in the first problem, 
having given Ji, b, and c, we have, as has been demonstrated, 

h : c = sin £ : SID C 

And by composition of this proportion, 

b + c ih -^ c = sin B 4- sin C : 6in B — sin C 

Substituting firom series N, No. 3^ 

h + cib -^ c = tan 4 (B + C) : tan J (B - C) 

whence : 

b ^ c 

i (B - O = tan J (B + C) 

b + c 

And since the three angles, A + B + C =r 180®, 

iA + i{B + C) = 90^ 
have: 90^-'ij3 = i {B + C) . 

and tan i (B + C) = tan (90^ - i j3) = cot 4 j3 

The formula becomes : 

tan J (B - C) « cot 4 j3 2 

b + c 

d B~C 
And calling — = ; we have the two angles^ avoid- 



tan 



or 
we 
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ing all unneceasary subtraction^ (and B hm^ C099i4«r«di 
the greater angle.) 



Thia formula requires in its use^ an additioir and a sukirac* 
tion* It may, whm desired, be adapted to tiia cakmlattaii 
of quantities giren in logaritbnis, a case tbal occws In astriK 
nomy, by tbe fbllowing transfimnations. 

For this purpose, we divide the numerator and denomiMBtor 
of the fractional part of the formula by i $ and ira haf« : 

c 

1 

b 

tan i (B - C) «= cot J A 

c 

1 + — 
b 

Comparing this form of the fractional part with the for- 
mula S, No. 13, using the lower signs, it will be found : that^ 

c 

3 if we call — = tangent «, we have : 

b 

1 — tan 2r 

tan (450 — z) = 



1 + iasiz 

Taking, then, for the calcidation of Hie data given in logar 

c 
rithms, tangent «; = — , we obtain for the solution of tills 

b 

case the formula : 

tan I (fi — CO = cot i j3 tan (46** - z) 

This is an instanee of &e application of tiie preceding 
analytic formulse for trigonometric functions, to the trans- 
formation of an expression containing addition and subtrac- 
tion into one that can be calculated by togaritikms rione ; and 
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e 
we shall always hftve — /. 1^ according to the original sup- 

b 

pOSfttOB of Jf A C^» 

$ 56. Problem 3. Given two sides and the included angle^ 
to find the' third code. 

Given^ a, c, and B, to find t; in the same triangle^ let d 
denote the perpendicular upon a, as in the first ^robkliu 

By the ekmentafy fonuul» of series A^ we have : 

BD 

=1 cos B ^ thence BD == c. cos jB 

c 

d 
and — =5s«inB; ^ ^^ ^,mB 

c 

and CD = a — BD s= a — c. cos B 

By Geometry : 

b» = d« + CD^ =» ca. sin* B + (a-^ ccobBY 
= c*' sin* B + o* + c* cos* B — 2a.c. cos B 
= c* (sin* B + cDSf* B) + a^ ^ 2a.c cosB 

And because rine^ + cmne* = 1: 

&a -= c* + a* — 2o.c. cos B 

This formula^ which would be very inconrenient to calcu- 
late, may be reduced to an easy form for logarithmic calcula- 
tion, in two different ways. These will be obyious^ when 
we«consider that the formule Q, No. 4 and S, give two differ- 
ent values for cosine B, the one in flie sine, the olher m the 
cosine, of the half angk. 

Takingi then, in. the first place : 

cos fi = 1 - 2 sin» i B 

Aai nbstifntiBg thift vaki^ in tiMi eqnatiM for ceoine 4 w« 
have: 
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h2 =• c3 + a* — 2ac + 4^.a.8iDi* | B 
= (« QD c)' + 4.a.c.8iii« ^ B 

And using {am c) as a factor common to both the right hand 
terms : 

t« / \« /^ I 4.c.a.8in« } B\ 

Extracting the root : 

V (a CC c)' / 

It may be seen : that, by the method used in the preceding 
Problem, this formula may be adapted to the use of loga- 
ritfamsy employing the consideration : that^ according to C^ 
No. 8, we haye : 

1 
sec" = J + tan« = 

C08« 

If^ then^ we make 

4.a.c.8iD' I B 



tan" X 



(a ai cy 

2 8in I B 

or tan x ts ■ V(^*^) 

acoc 

the final formula will become : 

aiCHc 



8 h = 



C08 X 

Seamd Transformatian. Taking: 

cos B = 2 C08 * 4 B - 1 

and substituting this yalue in No. 5, the formula becomes : 

fca = a^ + c* -^ 2ac - 4.o.c.cos« 4 B 

And by processes exactly similar to those used for the for- 
mula 6, it will finally become : 
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t , I X /. ^'^'^' <^osi B\« 

b =. ^a + c) {^i - -^^-^—y 

Here we have^ by the same means as in the foregoing trans- 
forpnation^ representing the second term under the radical as 
the square of a sine or cosine^ according to C^ No. 4 or 5^ 
and b J an analogous process : 

4.c.a. cos' i B 
cos* X = ~ 



(a + cy 



or 



2 cos i B 
cos a; = — --—_ (a.e)9 10 

a -{^ c 

And finally: 

6 = (c + a) sm a; 11 

If the distances^ a and c, were given in logarithms, (as 
may occur in astronomy,) it will b^e observed, that in applying 
to the part (a ± c), in the two forikiul» 8 and 11, the same mode 
of transformation for the application of an auxiliary angle, by 

writing {a ± e) = a { 1 =t — ) in both the places where it 

occurs, these formulse will be transformed, and fitted for that 
use, upon the same principles, every thing else remaining as 
above. 

§ 57 • Problem 4. Given, the three sides of a plane trian- 
gle, to determine one of the angles, (suppose the angle B.) 

SoluHon. The formula No. 5 gives this solution by simple 
transposition ^ for, from 

6a = a> -}. c2 _ 2ac cos B 
it follows, that 

a» + ca — b^ 

<^<>8 ^ = 12 

2ac 

This formula would also be inconvenient to calculate^ it has 
the same two modes of transformation as the preceding, by 



the insertion of the sine or cosine of the half angle ; and a 
third is obtained by the division of these two. 

First Transformationf From the preparation for formula 
6f is first obtained by transposition and division : 

6« - (« OQ «)* 



8in« i B = 



4.a.c 



The two terms of the numerator being the difference of 
two squares^ the product of the sum and difference of their 
roots can be substituted for them ; then, dividing the numerioal 
coefficient of the denominator into two factors^ and applying 
than to the two factors of the numerator, we obtain : 

2 / V ^ / 

a + h + c 
If we assume p » . , the expression becomes still 



simpler^ fen* this assumption gives : 



% 



14 p — c = — ; and p -^ a ^= _.-^_- 

Inserting this in the formula, it becomes : 

sin* i B = 

And extracting the root : 

15 sin IB = l^ ^-^ ^1 

• \ a.c / 

Second Transfarnuilion. From the preparation for formula 
9^ we obtain, by transposition and division : 

(a + c)a — b^ 

C083 i JB = 

4.a.c 
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And by steps exactly aaidogo«» to ike jfiMregoing, aiMl the 

<^+ b + c 
8iippositi<Mi that p = ■ • ■ ^ ^f as abevey we oMam iMe : 



cde' |J9 



V — » — A 2 >> 



ac 



p{y-^h) 



ac 



c„,B = rilPJli)\* .4 



= (^^) 



When fhes(el foMiiulsei arei dniployed^ we must choose -iiiat 
which gites ffie greatest dfegree of exactness in the giTen 
casQi, Ifhe ]>i4nciple which will determine t^is choice, is aa 
follows : when the angfe is small, the dne varies rapidly, 
while the cosine varies Biit littte. Iii this cAse we should use 
the formula that employs sine i M; it the angle that is sought 
is obtuse, we must use the formula that gives the value of 
cosine i B, because it is-the eoshfe Aat varies vac^t iiV this 
case. 

. ft wilf be^ ob^ctV^d; that, in getiei^, tike (brtiiulW that de~ 
termine the half angles have th& advantage of avoiding all 
ambiguity between obtuse or acute angles; because they can 
never be obtuse, as in that case B X 1 80"*, which is impossible. 

We may dted««e fhmr «tesW t^o fb]»fn^i«f a^^ird^, ^Vikig: 
the tangent 4 B^ that is applicable with eqiial advantage to 
all cases. For it is evident, that : 

tnniB' _ _,^ _ /(p-«)(p-c)\* ^^ 



cos^ B 






This requires two more preliminary steps to prepare the 
data for calculation \ liut they aire shoi*t. 

% 58. Problem 5. Given, two sides, and an angle oppo- 
site to one of tte ffiSi^i to fiifd Ihe third side. 

ST 
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C9 Cf and bf being given, to find a. 

We find already, from inspection of Fig. 6 and 7 9 that the 
result may, in this case, be doubtful ; as with these data, the 
angle at B maj be either acute or obtuse, with c of equal 
magnitude, since this line is always greater than the perpen- 
dicular d, and, being drawn from the same point A, may cut 
CB on either side of this perpendicular; which will give 
two values of CB, that are equally possible, and both given 
by the formula. Circumstances, other than those of the mere 
magnitude of the parts given, will determine which of the two 
results is the true one. 

Sdution. In the formula T, No. 4, Prcblem S, we might 
suppose b given, and a to be determined, the other data 
remaining the same, and obtain this solution ; this would lead 
to an equation of the second order. By the following pro* 
cess we reach the same result more easily. 

By Y, No. 1, problem 1, we have : . 

c : h «8 gin C : sin B 
6 SID C 



whence sin B =^ 



c 
From series A, No. S, we have, by application of this caset 

CD =, &cosC 
and BD = c cos B 

And according as B is acute or obtuse, we find : 

BC :=^ CD ± BD = a 

Expressing this in terms of the above two values, we have : 

18 a =s 6 cos C db e cos B 

• 

And substituting for cosine B its value deduced from the first 
enunciation above, expressing it, in conformity with seiiea 
C^ No. 5, the final result is : 

19 a = frcosC±cfl -^ 1 
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A formula troublesome to calculate^ though it may be reduced 
to logarithmic calculation^ by the use of two auxiliary arcs ; 
for -we may take : 

b sin C 

sin X = sin B = 

c 

and thereby obtain : 

a = 6 cos C ± c cos B 

= 6 cos C I 1 ± r 7i 1 

V • COS C/ 

where we are evidently again to assume^ according to the 
case: 

tao > /c cos B\ 9 



_ . . . _ 20 

or sin 



ao i ^ ( c cos B \ 
»in > ^ "~ . \6 cos C/ 

and would ultimately obtain : 



h COS C 

cos" y 
or ' o = ^ cos C cos* \j 

'But such a calculation would evidently be tedious, and it 
18 £»* preferably to calculate sine B by problem I, and then 
a by the two parts of the formula No. 18, above, unless it 
happen, that only the logarithms of 6 and c be given ; when 
this mutation will be necessary and applicable. 

$ 59. We have thus obtained the solutions of every possible 
case of Oblique Angled Plane Trigonometry, for data directly 
given, by means of formulae affording the greatest facilities 
for calculation. It will be readily conceived : that what is 
said of an angle B, or of any side b, &c. is always to be 
understood, in a general sense, of every other angle or side. 
It is proper here, again to direct the attention to one g^ie- 
ral character of all the formulae, namely : that they always 
present the linear dimensions in an even number of fac- 
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tn/mf and the trigoniHiietric fimctiomA in an <idd number of 
.fa(Clov«9 wlien tlie part to to d^tier mined is a tri^rauNMitric 
ftinction; and, conversely, the trigonometnc iunetioiifl in im 
even number of factorsy f^nd the linear dimensions in an odd 
number of factors, when a linear dinienai<m is to be deter- 
mined« This is the general and well known character of all 
proportions; from which, also, analytical formul<» c$iingt 
deviate, whatt^ver be the complication of the data contained 
in them. The trigonometric functions being mere ratios, 
(that is^ generally spsaliing, numbers,) as has been observed 
in section 11, they here, form as such, objects of a determined 
nature. 



CHAPTER II. 

CaieulaMon of the Surfaces of Plane Triangles from different 

Data. 

$ 60. Wb think proper to add to the solutions of* Trigo- 
nometry that give the unknown parts of triangles from those 
which are known, the solution of the problem : to find the 
snrfaee of Ae triangle in every case of the brfore-mentiioned 
daiiL Tlii&: is evidently possible; for if we have th^ data 
oeGMsary to determine the unknown parts of a triangle, the^ 
same data must also {pve its contents or surfeice. We shall 
take the cases in the same order as in the preceding sofartions. 
H moai^ in the first place, be recollected, that the surflice. of 
the triangle is half the product ot one of the sides, assumed 
aa a base, into tbe perpendicular kt fall upon it from, the op* 
posiia angular point, as is taught in the elements of G>eome- 
tvy • It is, tiierefone, the. principals object of these proUeoM, 
to ezpvess thevalue of this perpendicular in terns of the parts 
giva^. Its product into the given base, (fivided by two^ 
wiH^ Aen, always give the sur&ce, or contents of the 
trJani^. 
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"^ $l« JProifett 1. Gmnt two angles and the indoded side; 
to find the Surface of the triangk. 

In the triangle JiBC, as before^ let BC and a be given^ to 
fi»d the smrfoce. 

We have by Y, No. 1 : 

asin B a m B 



mA 8in (£ + C) 

For the sine of an angle is equal to the sine of its supplement, 
not only in magnitude, but also in sign ; and because the 
sum of all the three angles of a plane triangle is equal to two 
right angles, the sine of any one of the angles is equal to the 
sine of the sum of the two others. 

Calling d the perpendicular let fall upon the side a, we 
have, as the value of this perpendicular : 

OiHn Bfm C 

d = 6 sin C = ■ 

SID {B + C) 

Multiplying this by half the base on which the perpendicu# 

a 
lar d falls^ that is, — , and calling the surfiftce of the 

triangle = fif, we have : 

a* sin BtiinC ^ 

S « 1 

2 siD {B + C) 

And supposing the value of sine {B + C) tbhe expressed in 
conformity to F, No. 1, and dividing botii numerator and de- 
nominator by tine B sine C, we have also : 



S = 



2 (#ot 1^ + cot C> 



But the formula No. 1, is more convenient for logarithmic 
calculation. 



§ 6£. FrMem S. Giv^Uy two sides and the includeA angle; 
to find the Surface of .the triangle. 

GiTen^ a, hf and C. 

We have by the elementary definitions ojT series A^ ilie 
value of the perpendicular : 

d = 6 . sin C 

a 
Multiplying this perpendicular by — , we have for the 

surface : 

ab 9ID C 



3 S == 



$ 63. Problem 3* Giyen, the tiiree sides ; to find the Sur^* 
face of the triangle. 

By the theorem of geometry, so often employed : that the 
square of the hypothenuse is equal to the sum of the squares 
of the two sides, and expressing the parts by trigonometry^ 
as in section 56, we find : 

BD = c . COS ii 

We have thence : 

<£« = Ca - C» C08« B 

Then, expressing the value of c' cosine^ B by the formula of 
section 5f, and observing: fliat c', being found both in the 
numerator and denominator, compensates itself; we have : 

^' = '• - {-^ — ) 

\ 

And thence : 

d^ s # 

4 a^ 

The two terms of the numerator, being the difference of the 



two i^uaresy may be expressed by the product of the sum and 
differeiice <tf their roots $ whence: 

(2 €a + e' +n» - 6«) (f ca - e» - a« + 6») 

_ ((c+a)« - fc«) (^ • (e Cfio)«) 

4a' 

Applying the same principle again to the two fiictors of the 
numerator^ we obtain : 

(c 4- o + 4) (c + o - *) (c + i - a) (i + o - c) 

d' = - , 

4a> 
Hen extracting the root: 

l^ /{c ^ a +h) {e + a ^ h) {e + h ^ a){h + a -c^j 

This value of the perpendicular^ being multiplied by half the 

_ a 

base^ —9 gives the Surfkce : 

ia 

5= — 

; ) 

Bringing the i under the radical^ by squaring it^ and distri"- 
buting the fourth power of 2, which is produced by this 
insertion, among the four factors of the numerator^ the final 
formula becomes : 

(a + h + c c + tf — * c + 4 — « « + *— «^l 
' "' ■' ■ • ■ • ■ • I - 

2 2 2 « / ^ 
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<» + k + c 
Which, by the introduction otp =z , as in sectiott 

57 f becomes: 

§ 64. Problem 4« GiveH, tw(^ sides, and Ike angle oppo- 
site to one of them ; to ftnd the Surface. 

Given, 6, c, and C7; to find 8. 

Jnfypure Sy we have the perpendicidar Biy » a sine C ^ 4'^ 
and, according to general principles, 

hd b<k fliv C 

S = — = • 



2 2 

Substituting for a the value given by section 5^^ hmmiK 
19, we obtain : 

■ 

b* caserne c. 6. sine • ft*gin»CvJ 
5 = ± (l )* 

2 2 V . c* / 

This formula evidently labours under the same disadvan- 
tages for calculation as Y, No. 19; therefore t&e remarks 
made there, equally apply here ; that is, determining first B 
by Y, No. 1, and then 8 by Z, No. 1, will be prefendble to 
this formula, even with the reductions that might be made in it. 

§ 65. The four preceding solutions resolve the problem for 
every popsible case of data ; they complete the full stries. of 
solutions that may be required for a triangle witk simple 
data. 

It may be conceived, that it is possible, that, instead of 'the 
quantities fhemseFves, it may happen that the sum and fi'flfer- 
ence of some of fhem may be given, or some other reration 
between the parts. But it does not belong to an eremen^iry 
system. <^ TvigoRometrj: to entBr iata thesa. details. The 
priiicipiles here laid* down: show wfaat^ parts' Btmrtr bt dedu*^ 
minable from the data^ in order that a solution may be 
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obtained; they also show, conversely, what data Mil serve^ 
to determine a triangle in complicated cases. 

What remains to be said upon this subject, therefor^;, 
belongs properly to a further extension of the application of 
Trigonometry to the solutions of the problems that relate to 
triangles; and, consequently to all rectilineal figures, since 
Geometry teaches the means of decomposing them all Into 
triangles. 

It may, perhaps, be proper in this place to call the attention 
of the reader to the general character of the formul» of series 
Z, analogous to what is said in section 59; namely : Uiat they 
all present two lineal dimensions, with certain trigonometrfl 
functions as factors, which represent, as stated in section 
11, mere numbers ; that is, relations of quantities. This evi- 
dently characterizes them as giWng in result a quantity of 
two dimensions, that is, a surface. It will easily be ob- 
served, that formula 4, having four lineal dimensions under 
the radical, presents also in its final result only two dimen-^ 
aions, by the extraction of the root« 
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PART III. 



aPHEBICAL TRIGOJWMBTRr. 



CHAPTER I. 

Introduction. — Lemmata, and Definitions of Spherical TSigo- 

nometry. 

§ 66. Wx know from the elements of Geometry : that the 
circle is generated by the resolution of a finite straight line 
around one of its extremities; and that the sphere is grae- 
rated by the revolution of the circle around one of its 
diameters. 

Then, because all the radii of the circle are equal, all the 
radii of the sphere are equal also, and all the circles tiiat 
pass through the centre of the sphere, may be considered as 
generating circles; they are also the largest circles that can 
be described in a sphere, for which reason, they are called 
Great Cirdes. 

$ 67. All the other circles of the spftere, that do not pass 
through its centre, are Less CirdeSf and are so called ; tiiey 
are also called ParaUds, because tliey are necessiurily parallel 
to some one great circle of the sphere ; the consideratioB 
of their properties forms no pu*t of elementary Spherical 
Trigonometry. It is only great circles, then, that are ob- 
jects of Spherical Trigonometry. 

$ 68. Proposition. Three straight lines that meet in one 
point, and do not lie in the same plane, determine a spherical 
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triangle^ the angle formed by any two of these lines^ at 
the point of intersection, is the measure of the corresponding 
side of the spherical ti'iangle^ and the inclination of any two 
of the planes, that pass through each pair of the lines, is the 
measure of the corresponding angle of the spherical triangle^ 
and the intersections of these planes with the surface of the 
sphere, describe upon it three arcs of great circles, forming 
a spherical triangle. 

Bemonstration. In figure 9, •SB, JiB\ AB" being three 
straight lines, in diiferent planes, and A their common point 
of intersection ; if the centre of a sphere be placed at A^ the 
lines AB^ AB'9 AB", or their prolongations, will determine 

« 

three points on the surface of the sphere^ as C, C, C", for we 
have AC = AC = AC; and the arcs CC, CC", CC", are 
pavts of the circumferences of the great circles passing through 
the planes CAC'^ C'^C", and C^C", respectively,* and deter- 
mined by^ the lines AC, AC; AC, AC; and AC, AC" ; a sphe- 
rical triangle, CC'C", will therefore be determined upon the 
surface of the sphere, by the intersection of this surface with 
tlie sides of the triangular pyramid whose summit is at the 
centre of the spliere. The inclination of the places that pass 
fhrottgli each pair of these lines, just mentioned, are (Euclid, 
Book xi. Def. 6) measured by the angles made by the per- 
pendiculars ereeted in each plane from some point in their 
common intersection. The arcs CC, C'C", CC", as well as 
tbeip respective tangents, are perpendicular to this common 
intersection, each in its plane respectively | therefore the 
metiiiatiotis of these planes are the measure of the correspond- 
ing angles of the spherical triangle. 

We therefore have, in any spherical triangle, CC'C", the 
folfowing iitsults, viz : 



arc 


cc 


<» 


angle 


BAB 


arc 


cc 


» 


aogle 


BAB' 


arc 


ee' 


■;=: 


kngle 


BAB' 
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tipheric angle CCC '= angle of inclination of jBj^F, and BABT *^ 

car = " '> BAB, " BAB' ; 

CC'C = " " BABT, '» J5"^jB, 

From what has been stated, we )cam : 

1^^. That all the parts of a spherical triangle, 'whether 
angles or sides, may be expressed by the trigonometric func- 
tions, that have constituted the object of the investigations of 
the First Part of this treatise ; for they are all angles^ or 
arcs, the measures of angles. 

2d. That the principles of Solid Greometry, that are appli- 
cable to the sphere and triangular pyramid, are also the 
first principles of Spherical Trigonometry. 

$ 69. Pursuing the application of Solid ^Geometry, we ob- 
tain a series of lemmata, to be used as fundamental principles 
of Spherical Trigonometry. 

Lemma 1. Two great circles of a sphere cannot cut 
one another, except in one of their diameters 5 because their 
line of intersection must pass through the centre of the 
sphere, which is a point common to them all. The arcs 
described upon the surface of the spliere, between these inter- 
sections, will therefore be equal to two right angles, or \%(f. 

Lemma 2. If a line be drawn through the centre of the 
sphere perpendicular to any two of the lines, as AB" and 
AB'9 this line will be a perpendicular (ornortiuz^) to the plane 
passing through these lines i and consequently to the great 
circle of which d^C" is a portion ; and all the arcs on the 
surface of the sphere, intercepted between this perpendicular 
and the great circle passing through CC'^ will be = 90°; 
or represented by a right ungle at the centre of the sphere 
A. (Euclid, B. xi. Prop. 18.) 

As this is the case on both sides of the great circle passing 
through C'G% two points al*e thus determined by it on the 
^surface of the sphere, that are called the poles, P, p^ figure 
10, of the great circle passing through C'C*. 

We have thence ; 
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PC s= PC — PD ^ pC - p€* — pD t=, Li? = 90^ 

And the same is true of any arc whatever, drawn from P, or 
Pf to the great circle^ BC'C". 

Lemma 3. Everj plane that passes through the line P^p^ 
is perpendicular to this circle; and hence, everj great circle 
of the sphere passing through the poles, Pp, is perpendicular 
to the circle, BC'C", since these circles are intersections of 
th^ planes passing through Pp, and the surface of the sphere ; 
aChd, conversely, every great circle perpendicular to the cir- 
cle through BC'C", passes through the poles, P, p. (Euclid, 
B. xi. Prop, 18.) 

Lemma 4. The plane that passes through the tangents, 

of two great circles, that cut each other in the point P, or p, 

fimre 10, is p^allel to the great circle of which these points 

are the poles; for the diameter PAp, is perpendicular to 

both these planes. (Euclid, B. xi. Prop. 14.) 

Lemma 5. The angles which two arcs, such as PC and 
PV", Jigure 10, make at the pole of a great circle, is equal 
to the arc, C'C", of the great circle kitercepted by these 
arcs ; for it is the measure of the angle of inclination of their 
planes ; and the angles at the two poles are equal ; since they 
are measured by the same arc, the same circumstances taking 
place at both poles. (Euclid, B. xi. Prop. 10.) 

Lemma 6. The angle subtended by the poles of two great cir- 
cles is equal to the angle of inclination of the planes of the two 
circles of which they are the poles; for these two circles are 
perpendicular to their axes that pass through the poles. Or, 
in Jigure 11, the arc Pp is equal to the arc BC, which mea- 
sures the inclination of these planes, and lies in the same 
plane with Pp; because JiP, •^p, AB, JC, are all perpendi- 
cular to the common intersection, JDd, of the two circles, 
^Euclid^ B. xi. Prop. 5) and PAB, and pJC, are both right 
angles, having the part pAB common ; therefore, their com- 
plements are equals or Pp = BC. 

Lemma 7. If an arc of a great circle fall upon another 
arc of ft great circle, the sum of the two angles, which it 
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makes with this arc, on the two udes^ are equal to two cigbt 
angles; for they are measured by the angles of the tangwts 
to these area. And the sum of all the angles made by my 
number of arcs of great circlesy cutting one another at tiie 
same pointy is always equal to four right angles } and ols^ 
the vertical angles made by two arcs, intemeetbig each otbert 
are always equal ; for they are all measured by the tangwta to 
these arcs, and these tangents lie in one plane, being ail per-* 
pendicular to the radius of the sphere ; and thua the Propoai- 
tionsy Euclid^ B. i. Prop. IS and 15, become applicable* 

Lemma 8. The perpendicular arc, Pcd^ fgure 10^ 4rawn 
through one of the angular points of the spherical triangle 
to the opposite side, is a part of a great circle, paaaing 
through this angular point, and the poles of the great circle^ 
of which the opposite side is a portion; for no other plane, 
than one passing through its poles^ can be perpeiidiculajr to a 
great circle. 

Lemma 9. Two great circles that cut each other,^ enclose 
between them a portion of tiie spherical surface, that has the 
same ratio to the s^rface of the sphere, that the angle of their 
inclination has to four right angles ; for the sur£M^ of this 
section is measured by (or proportional to) the angle of the 
inclination of the j^anes of these great circles ; and the whole 
circumference is measured by four right angles; that ia to 
say : as we have the circumference of the great circle =si Zr*, 
the whole surface of tbe sphere is represented, according to 
these considerations, by 

S « 2.r« .flr.4. Li? 

And any section of the surface, measured by the angle u, is 
whence Sis ^= 4 Li? : a. 

$ 70. All the propositions of elementary geometry, that 
determine ^the data that are necessary to infer the equality 
and proportionality between the parts or surfaces of flwsi 
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triangles, are true of sphmcal triangles; except^ that the 
exterior angle of a spherical triangle is not equal to the siim 
of the two interior and opposite angles^ because the three angles 
of the spherical triangle do not lie in the same plane; for this 
reason, the knowledge of two angles of a spherical triangle does 
not imply the determination of the magnitude of the third, as 
in pittie trigonometry ; while, on the other hand, if any three 
parts of a spherical triangle be given, the remaining three 
may be determined, even although no one of the parte given 
be a side. This last follows from the circumstance, that all 
the quantities concerned in a spherical triangle are of the same 
nature. All these are evident consequences of the preceding 
sections, which show that the spheric triangle is the intersec- 
tion of the triangular pyramid with the surface of the sphere ; 
all that would apply to the plane triangular base of the 
pyramid must therefore also be true for the spheric base, with 
the exception that has been stated, which is evidently a conse- 
quence of what has been already said. 

$ 71. Theorem. The sum of all the sides of a spherical 
triangle is always less than four right angles ; and any one 
side is always less than the sum of the other two sides. 

Demonstration.. The three planes that intersect each other 
In the lines .tfC, JiC, JiC", figure 9, form at the point 
wl, or the centre of the sphere, a solid angle ; the sum of all 
the plane angles forming a solid angle around a point , is 
always less than four right angles. (Euclid, B. xi. Prop. 
£1.) As the three sides of the triangle formed upon tlie 
surface of the sphere, by the intersection of these planes, are 
the measures of the angles at the centre, (section 68,) their 
sum is also less than four right angles. For the same reason 
it follows (from Euclid, B. xi. Prop. 20) that the sum of any 
two of the sides is greater than the third side. 

$ 72. Theorem. The sum of the three angles of a spherical 
triangle is always less than six, and more than four right 
angles. « 

DemomtraHon. The sum of the angles forming the three 
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solid angles^ at the three angular points of the spherical tri- 
angle enclosed by the planes passing through its sides and the 
plane through the tangents at the sphere^ (or the spherical 
surface, as these angles are the same,) is less than three times 
four right angles, (or twelve right angles,) for each of them 
is less than four right angles. (Euc. B. xi. Pr. 21.) But the 
angles formed by the tangents and the intersections of the 
planes, are right angles, and their sum is three times two, or 
six, right angles. The sum of the remaining three angles, 
formed by tlie tangents, which are the same with the spherical 
angles, is therefore less than six right angles. 

Or, more briefly and algebraically : 

Calling S = sum of the angles forming the 3 solid angles; 
" 8' ^ sum of the* angles of the triangle, or of the 
tangents ; we have : 

S = 5' + 6 LiJ 
S Z 12. Li? 
therefore S' + 6l/2 Z \2 L.R 

Subtracting 6lJS from both sides : 

S' Z 6l/? 

q: E: D 

If the three angles were equal together to two right angles, 
the three sides would be in the same plane ; tiie lines of 
intersection of the planes perpendicular to the tangents would 
be parallel to each other, and would no longer meet in the 
centre of the sphere, which is contrary to the supposition ; 
thqpfore, the sum of the spherical angles must be mare than 
four right angles. 

§ 73. Theorem. If, from the three angular points of a 

triangle, arcs be drawn on the surface of llie sphere, whose 

distances from the angular points ai'e each = 90% the inter^* 

sections of these arcs will form a new triangle, that is called 

supplementary ; that is to say : the sides of this new triangle 
O 
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MTiU be the supplemeittft of tkost wigles of the original triangle, 
that are opposite to them ; and the angles of the new triangle 
will he the supplements of the sides of the original triangle^ 
which are opposite to them* Moreover, the angular points 
of the original triaihgle will be the poles of the sides of the 
new triangle ; and the angular points of this, will he the poles 
of the sides of the original triangle. Thiey » therefore, are also 
called polar triangles, in respect to each othen 

0mmtructi4n. Injigwre 12, let ^BC be the spherical tri- 
angle front whose angular points the sopcs DE^ EF^ FBf are 
drawn, at the distance of 90** ; tiie points Ji, H, 0, wiH be 
respectively, the poles of the arcs that cot each oAer in the 
points D, Ef F; and fiNrm the supplementurj triangle DEF. 

Produce the sides of the original triangle, JBC, until 
they intersect the arcs BE, FE^ FB, in the points 0, JET, 

Benumstratum. Because the point E is 90^ distant from 
each of the two points ^, and B, this point E, is the pole of 
the circle LABGj that passes through the points A and B; 
for the same reason, the point F is the pole of the arc 
KBCM; and the point B, the pole of the arc JACH; whence 
we have : 

DH + EG — DE+ GH = 2 l, R = 180^ 

But, because 6;£f is an arc of a circle distant 90*" from the 
point Af it is t^ measure of the spherical angle at Ji^ formed 
by tSie two arcs AQ^ AH} - and BE is the side of the supple- 
mentary triangle that is opposite to the angle BAC; for 
which I'easons we have : 

DE = 180*^ -^ GH ^ 180^ -- A, 

In like manner we obtain : 

EF = 180<' - LJif = 180^ - B. 
and DF = 180° - /JST = 180^ - C. 

Moreover, since the arc EL = EG = 90°; and E is the 
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pole of the mtc GBAh^ or AB^ prod^iced until it intersects 
the other arcs BF^ and ED^ the arc Gh is the measure of 
the angle at Ej of the supplementary triangle; \y hence we 
have : 

LB + AG ^— LG + JIB = ? l /? = I8O0. 
therefore LG = 180° - AB. 

ABf then, is the supplement of LG; or of the angle E, wliich 
it measures, or is equal to. For the same reason, we havi^ 
for all the angles of the supplementary triangle, expressed 
by flie sides of the original triangle : 

LG = JE = I8O0 ~ AB. 
HG ^ D ^ I8O0 - AC, 
KM ^ F T^ I8O0 -^ BC. 

Therefore, generally, the sides and angle!? of the supple- 
mentary triangle are the supplements of the angles and sides 
of the original triangle. 

$ 74. Theorem. The surface of a spherical triangle is 
proportional to the spherical excess of its three angles above 
two right angles. 

Construction* Let obc, figure 13, be a spherical triangle. 
Produce luj, until the entire circumferenf:e of the great circle 
aced^ be completed* Produce also ab, and 5c. until they cut 
this great circle, in the points d, and e, and also to their 
common Intersection, in /• on the opposite side of Hie great 
circle cade^ which point /, will be the opposite pole to the 
point h. {Lemma 1.) 

Denumstration. By construction, af = hCf 9^ they are 
each of them a snfplemfjn^ of the arc ab ; for 

abe aaa 2 t- it « bttf; 

for tlie same reason, the arc cf ^ bd ; and the angles at /, 
and 6, are equal ; for they are at the opposite poles, and" be- 
tween the same arcs ; wherefore the triangl^^ bde, and fac^ 
afe ec}ual. 
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The hemisphere whose base is the great circle cade, is, by 
lemma 9, equal or proportional to (calling H = hemisphere) 

The section of the sphere between the two semicircles baf, 
bcf, is equals or proportional to : 

ahc + acf = abc + deb = 2 r* ir 6 

because the angle b is the measure of the inclination of the 
planes of these two circles. 
For the same reason we have : 

The spheric tection ; dbcad = abc -f- obd = 2^ r' .c 
" " tbace = abc -^ cbe = 2 ir r* . a 

Subtracting from the sum of all these, twice the value of the 
triangle abc^ which is contained in each of them, and of course 
three times in their sum> the whole hemisphere is represented « 
thus: 

H = daced = 2. r* nfl^R 

= 2 .r' * b + 2 . r^ ^ c + 2 r^ ir a -^ 2 abc 

whence 

2.r»*2.i.R = 2.ra * (6 + c + d) - 2 .abo 

or r* * .2i,R «= r« at (6 + c -f- a) — aftc 

And transposing : 

abc « irr^ (o + ft + c) — 2*raLi? 

The surface of the spherical triangle is equal to the product 
of the square of the radius of the sphere into the excess of 
the three spherical angles above two right angles ; and as we 
always assume the radius =i 1, (until applied to a determin- 
ate sphere,) we have : 

ttbc =a + fc-f-c — 2l^ 
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CHAPTER U. 

TnvestigaMon of the Fundamental Formulse of Spherical Tri- 
gonometry ; and Solutions of Bight Angled Spherical Tri- 
angles. 

$ 75. Qentral Problem. To determine the relations be- 
tween the sides and angles of a right angled sjiherical 
triangle. 

Let DJlf DB, DC, fgvre 14^ be three lines, that are not in the 
same plane, and which, by their intersection at the point 
D, determine the spherical triangle ABC; and let the plane 
BBA^ be perpendicular to the plane ADC; these, by the 
preceding chapter, are the elements of a spherical triangle, 
ABC, right angled at A. 

Construction. In the line DB, take any point, J5, and from 
it draw EG, perpendicular to DC; and from Q, where EQ 
intersects the DC, draw, in the plane ADC, GF, perpen- 
dicular to DC; join EF; the angle EGF will be the angle 
of inclination of the planes BDC, and ADC, and therefore 
equal to the spherical angle BCA. 

Solution. By construction, CD is perpendicular to the 
plane passing through EGF; for a like reason, the plane of 
DGF, that passes through this perpendicular, is perpendicular 
to the plane EGF; and by supposition, the plane BDA, is per- 
pendicular to the plane CDA; therefore the two planes BDA, 
and EGF, are perpendicular upon CDA, and their com- 
mon intersection, EF, is also perpendicular to CDA; and the 
angles EFD, and EFG, are right angles ; and the four 
Mangles, DGE, DGF, DFE, and GFE, are all right angled, 
at the points G, and F. (Euc. B. xi. Prop. 4^ 18, 19.) 

Each pair of these triangles has one side common, and one 
angle (a right angle) equal in each ; wherefore, if two sides, 
in any one of the triangles, be given, two side^s in an other, may 
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be determined ; and also : the determination of two of the 
triangles will afford the means of determining a third. 

Determining, then, upon the principles of section 7, the 
•Tarious relations of the parts of these triangles ; keeping it 
constantly in mind ; tliat the ratios of the sides of a right 
angled triangle, and not their absolute values, determine 
the trigonometric functions; if we adopt, for the sake of bre- 
yily, the following notation : 

£F = c' ; EG = a' ; GF := b' ; 
DE := g; DF ^ e; DG ^ f ; 
Aiid for the arcs ; BC =^ a ; jJB = c j jJC = 6 ; 

we have as follows : 

1. Determining the triangle EGF, by means ctf the trian- 
gles DEF, and BMQ: 

EF c' 

— * = — = sin BDA = sin BA =r sin c 

BI> g 

EG a' 

and Bs — ss sm- BD€ = sin BC = sin o 

ED g 

m 

And by division, (using only the denominations adopted 
above:) 

c a' c' sin c 



g g a flin a 

In the triangle EFG we have also (according to section 68 :) 

EF c' 
= — = sin EGF = sin C 



EG a' 

From these two results we obtain Hie following equation : 

c sin c 
-3 _ = sifi c 

' a' mn a 

1 or «in c = sm C sin a 
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2. Deteraining DGF, by means of DEF, mi DEG^ we 

have: 

DF e 

= — = cos BDA = cos BA =» cos c 

DE g 

DG f 

and = — = cos BDC a=s cos BC =■ cos a 

DE g 

4 

Dividing the aecond by the first : 

/ e / ^ cosa 

g g € cos C 

And by the triangle DGF: 

DO f 

= — = cos ADC = cos AC = cos h 

DF e 

m 

And by ec[uality from these two results : 

/ cos a 

— = — — = cos b 
e cos c 

or cos a = cos b cos c £ 

3, Determining DGF, by EGF, and EGD, we obtain : 

EG a' 

= _ = tan BDC = un BC = tan o 

DG f 

FG U . 

and = — = tan ADC ^ tan AC = Un fc 

DG f 

And by division of the second by the first : 



■1^ 



f f a' tan a 

By the tiiaagle DGF : 



sin € 


= 


sin a sin C 


cos a 


= 


cos b cos c 


laD b 


= 


•tan a cos C 


tan c 


» 


sin 6 tan C 


cotB 


= 


cos a tan C 


cos jB 


^s 


cos b sin C 
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transform them into other similar ones, applicable to a triab' 
gU that has one side s= 90^, by means of the supplementary 
triangle, whose properties have been explained in section 73. 
i^We have then : 

i 

3 
4 

5 
6 

Transforming these equations to a triangle, one of whose 
sides is = 90**, by means of the supplementary triangle, and 
using the same characteristic characters, merely accentuated, 
we have : 

7 
8 

9 
!• 

11 

The signs of the trigonometric functions have no influence 
in tiiese mutations. 



sinC 


= 


sin fff sin c 


cos.^ 


= 


cos 5' cos C 


tanF 


= 


tan JI cos c' 


tan C 


= 


sin E tan cf 


cot b' 


= 


cos J^ tan c' 


cos b' 


ZSSi 


cos B sin c 
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Investigation of the General Formulae of Oblique Angled Bphe- 

rical Trigonometry. 

$ 78. Oenercl Problem. To find the relations between the 
parts of an oblique angled spherical triangle. 

Construction. Let ABC, figures 15 and 16, be a spherical 

triangle, that has either three acute angles, or the. angle at 

Af obtuse. 

From C, draw the arc CD^ perpendicular to BA; it will in 

the first case, be opposite to the two interior angles A, and B; 

and in the (Second, to the interior angle at B, and the exterior 

at A, or to the supplement of the interior angle A ; the func* 

tions of which exterior angle are the same with those of the 

interior angle A, of the triangle. 

Solution. The two right angled triangles^ CBD, and CAl), 
formed by the perpendicular CD, have this perpendicular 
common to both. If, tlien, we express any one of the func- 
tions of this side by the functions of the other parts of each 
of the triangles, we shall obtain equations between the func- 
tions of these parts, which may be transformed into pn^r- 
tions, and which will furnish all the solutions of the oblique 
angled spherical triangle ABC, by means of its parts. 

Performing this process for the sine, the cosine, and the 
tangent of CD, we obtain the following table; which follows 
as the direct consequence of the formulae b. No. 1 to 6, of 
section 77. We have therefore : 

By the triangle BCD : By the triangle Ai^D : c 

SID CD "= sin a . sin B = sin h. sin A j^ 

a> tan BD : tan BCD a tan AD : tan ACD £ 

cos CD = cos a : eos BD == cos b : cos AD 3 

= cos B : sin BCD =. cos A : sin ACD 4 

tan CD = tan a . cos BCD = tan * . cos ACD 5 

= sin BD . tan B = sin AD . im A jQ 
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As the first formula contains no other terms tiian the parts 
of an ohlique angled triangle^ it is evident that its result is 
general ; for an analogous result would be obtained, if the 
jiiBfpcaidiciilar were let £all from one of the other angles of 
the triangle, upon its opposite side ; we therefore have like- 
wise: 

T sin c stn B = sin C sid 6 

^ stD Csin a = stn A sin c 

m 

These fbnfiittlse, (1, 7, and 8,) transformed into propor- 
tionsi give : 

9 sin a : sin 6 = sin ^ : sin B 

16 sin € : sin h *= sin C : sin B 

II sin a : sin c 3= sin A : sin C 

By which it appears that we have, in Spherical Trigonometry, 
a general principle analogous to that found in Plane Trigo- 
nometry ; viz : that the sines o^ the sides are praporHonal to 
the sines of the opposite angles. 

The formulae 5 and 6, transformed into proportions, give 
the following results, viz : 

l£ Frem No. 5 ; tan a : tao 6 = cos ACD : cos BCD 

13 " 6 ; tan j9 : taa B =>= gin BD : sio AD 

€loroUary. The sines of the perpendiculars let fall firom 
the different angular points upon the opposite sides in a sphe- 
rical triangle, are to one another inversely as the sines of 
thosensides. 

Penumstration. We had by c. No. 1, {figure 17:) 

sin CD = sin a sin B 

Drawing from the point A, an arc perpendicular to J9C, 
we havtb from the same principles : 

sin AD = sin c sin B 

therefore 

14 sjn CD : sin AD' = sin a : sin c 
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§ 79. Considering the formula c, No, 2, S, 4, 9, 12, and 
13, as proportions; and combining them by addition and 
subtraction, as allowed by the principles of proportion ; we 
deduce a series of formulsB, useful in the transformations 
of trigonometric formulsB, to adapt them for calculation. 
They also form, in conjunction with the original proportions 
from which they are deduced, a series of solutions of a sphe- 
rical triangle, by means of its parts^ formed by a perpendi- 
cular drawn from one of its angles on the opposite side* 
When the angle is obtuse, it is known by the algebraic sign 
of the trigonometric functions. 

By this operation we obtain the following rosults in succes- 
sion, in which we adopt for the statement of proportions, the 
mode of writing then as equationer of fractions ; (as more 
convenient;) and, to render the process more easy, we 
assume the following notations, in addition to those already 
mentioned; yiz: 



AD =^ c ; BD =z 



c 
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ACD = C ; BCD = C^ 

whence AD + BD ^s c^'\' c^^ = c 

ACD + BCD = C -f- C = C 

We have by c. No. 9 : 

sin a sin A 



sin b sin B 

Adding and subtracting this proportion by the well known 
method, we have : 

sin a + sin 6 sin A + sin B 



sin a c/2 sin b sin j9 CO sin B 

And substituting from series M, No. 7 and 10 : 

SID J (fl + 6) COS \{awh) sin h {A + E) cos i{AKi^B) 

COS i (ft + fc) sin i (ft CO ft) cos h {A + E) sin i (A w B) 
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d or 

tan h{a + b) tan | (^ + B) 

Ian i (a O) b) tan h{ArjiB) 

From c^ No. S^ is obtained by tbe same means ; 

tan c^^ + tan c^ tan C^^ 4. tan C^ 

tan c^ CO tan c^ tan C^, CO tan C^ 

Substituting from G^ No. 1 : 

sin (c, 4- O . 8'n (C, + Q 





sin (c , CO c^) 




8iD (C, OJ C,) 


or 






• 


St 


sin c • 


( 


sin C 




sin (c^, CO c) 


sin (C, C/) C) 



/ 



d 



From Cy No. 3^ is obtained by this method ; 

cos a + cos h cos c'^ + cos c^ 

cos a CO cos 6 cos c CO cos c„ 

Substituting from series M, No. B and 11 : 

cos i (« + 6) cos i (a CO 6) cos | c cos i (c^ W c) 

sin J (a + 6) sin i (a 02 6) sin i c sin } (c ^ CO c j 

or 

t:ot i (a + ^) cot i c 

tan i (o CO *) *an i (c^^ co c) 

From c, No. 4, is obtained by this method : 
cos B + cos A sin C^^ + sin C, 

cos B CO cos j9 ' sin C^ CO sin C 

And substituting from M, No. 7, S, 10, and 11 : 

cos § (j! + B) cos i (j3 Co B) sin 4 C cos j (C, in O) 

sin 4 (Jj + B) sin 4 (j! CO 5) cos 4 C sin 4 (C, CO C^J 
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cot i {A + B) tai i C 



tan i{AcnB) tan } C„ OQ C,) 

From e^ No. 12, is 6btained : 

tan a -)- tan 6 cos C + co8 c,, 

tan a (/} tan 6 cos C, C/} cos C„ 

Substituting from 6, No. 1^ and M^ Ko. 8 and 11 ': 

sin (a + b) cot ^ C 

sin (o OQ 6) tan J (C^ (/) Cj 

From Cy No. 13^ is obtained in a similar manner : 

sin c + sin c tan .^ -)- tan J3 



sin c^ CO sin c, tan ^ (/} tan B 

Substituting from M, No. 7 and 10^ and G, No* 1 

sin i c cos I (c^ CZ) c ) sin (j! + 5) 

cos i c sin I (e^ C/3 c J sin (A Ul B) 



or 



tan I c sin (jl + E) 



tan J (c^^ CO »*"* (-^ ^ ^) 



6 



$ 80. The section 78 has already giyen one of the general 
principles for the solution of Spheric Trigonometry, applica- 
ble to the cases, where two sides and one angle, or two an- 
gles and one side are given ; so that one of the given angles 
and sides are opposite to each other, and the part sought 
opposite to the remaining part given. 

To obtain other such formulae, in which the three parts 
given are two sides and the included angle, and the part 

* In these formalsB and their combinationi lie all thoee called Napier^s ana- 
logief, which it is not here necestary to treat in full. 
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sought one of the other angles ; oi* when two angles and the 
included side are given, and one of ttie otiier sides sought ; 
we have not here given, as in Plane Trigonometry, the sum 
of the remaining angles. A formula that is applicable to 
this case, and to those derived from if, may be obtained in 
the following manner : 

We have from a. No* 3. by transforming the denominations 
into those here employed : 



tanc^ = 


=» tasn a cos B 


By F, No. I : 




siD c =: 910 (c C» c,,) 


=: siu c cos C^, CO COB c Sin c^ 


Whence 




sin c^ 


SID C 


sin c,, 


tan c^^ 


By c. No. 13 : 




sin c, 


tao B 


sin c^ 


tan A 


Therefore, by equality : 




tao B 


sin c 

' CO cos c 

tan c,, 


tan A 



Substituting for tangent c,, the first of the above ibrmulie 

tan B flin e 



tan A tan a cos B 



OD CM c 



Reducing to a common denominator gives, after compen- 
sating this common denominator on both sides : 

tan a sio B = sin c tan A iXl cos c tan a cos B tan A 

g Multiplying by : cotangent a cotangent A : 
\ cot .^ sin B = sin c cota ZC cos c cos B 
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As this formula coatains the functions of two sides and 
two angles, of which one is opposite and an other included^ 
alternately; if any three of these parts be given, the fourth 
mag be foun^; it is, therefore, general in all cases, as has 
been shown to be true of formula c. No. 1, for those cases 
where the sides and angles are mutually opposite* 

§ 81. In order to complete all the possible modes of ^com- 
bining tl|t0^9ix parts of a spherical triangle, there only re« 
mains to be i Aestigated, an analytic expression that shall con- 
tain three parts of the same kind, and one of a different kind; 
that is, three sides and one angle, or three angles and one 
side. A formula of this kind may be obtained by means of 
a process similar to that of section SO, with merely an appro^ 
priate variation in the parts substituted! 

By a No. 3, we have: 

tan c^ = tan fr cos A 
By F, No. 2 : 
cos c = COS (c c/} cj = cos c cos c,^ -4" B^<^ ^ si>^ *^,t 
Whence 

cos c^ 

88 cos c + sin c tan c^ 

cos c^ 

By c. No. 3, we have also, (substituting the notation here 
used :) 

cos c. cos a 



cos c^^ cos 6 

Thence by equality : 

cos a 

sm cos c 4- sin c tan c^ 

cos b 

And substituting for tangent c,,, the first formula above : 

cos a 

= cos c + sin c tan b cos A 

cos h 
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Ov finally, (multiplying by cosine h :) 

B €08 a as COB C COB 6 -)- fiio C bIq 6 COB j) 

$ 88. The general fomiQi» c. No. 1, and e» Jfo. 1, are of 
an identical nature $ the sides and angles appearing in them 
in an even number, or symmetric. It remains for as to 
show, that the formula e. No. 2, just preceding, has the same 
property of generality, as- relates to its application to sides 
or an^es, when proper attention is paid to the consequence 
of tU5' change in the assumption; this may be most easily 
shown' by a reference to the: suj^lemMitary triaiq;le. 

Tranfiforming^ therefor^ e^ No. 2, in conformity with the 
princq^Ies of tha supplementary- triangle^ we shidM»Te all 
the sides changed into angles, and the angle wiU become a 
side ; the formula will thus be adapted t» ihree angles and 
one side ; but it must be observed : that the cosines of the 
supplementary angle are negative; and that the algebraic 
signs of the different terms undergo the change consequent to 
this change of sign. If the transformation be performed with 
regard to this circumstance, and the single term oil the left 
hand rendered positive, as is always usual for the part sought 
in an equation ; we shall obtain the result : 

3 COB A = Bin C Bin B cob a — cob C cob B 

§ 83. As the three general formulae, series c. No. 1, and 
series e. No. 1 and 2, include the analytical expressions of 
all the cases of oblique angled spherical trigonometry; it 
will be proper, on account of the frequent use we shall make 
of them, in deducing from them others, better adapted for 
calculation in each individual case, to collect them here, so 
as to be seen at a single glance* It is evident from the 
above : that, taking them in the full extent of their import, 
they contain, in the shape of no more than three formule^ all 
the solutions of oblique angled spherical trigonometry ; that 
they, therefore, are the fundamental elements of all future 
investigations of the individual cases. 



These three formulae are as follows ; m 

sio a sin B ==^ sin 6 sin j1 1 

cot j1 sin B a sin c cot a c/> cos c cos E 2 

cos a = sin c sin & cos A + cos c cos b 3 

$ 84. We shall not, therefore, here make any mutations of 
these formulas, to adapt them to individaal cases, which are^ 
of course, contained in them analytically ; but keep them in 
the full generality of their value and import, all their muta- 
tions according to the data of a given case being of course 
supposed ; and proceed in the next chapter to give, for each 
particular case, a variety of formulae, adapted to logstrithmic 
calculation, presenting a proper choice, according to the 
nature of the data of any individual calculation. 



CHAPTER IV- 

Deduction of Formulde adapted to the Logarithmic Caleidation 
oj all the cases of Oblique Jingled Spherical Trigonometry. 

$ 85. This part will here be treated of by means of a com- 
plete series of Problems, for each different supposition of parts 
given and parts sought; applying the appropriate reductions, 
and using, in case of need, the auxiliary angles i vrith the 
modifications of the formulae whence they are derived i and 
having reference, for convenience of notation, to a spherical 
triangle ABC^ figure 15 or 15, whose sides a, ft, c, are 
respectively .opposite to the iatigles A^ B, C. 

$ 86. Problem 1. &iven, two sides and the angle opposite 
to one of them, to find the angle opposite to the other side. 

6, e, and the angle B, being given, to find the angle C. 

* By c. No, r, we have given : 

sin B sine a sia C sin h 
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«. Therefore 

'T sin J3 SID c 

g sin C = 

810 h . 

This formula is adapted to logarithmic calculation^ without 
change^ as is evident from inspection. 

$ 87. Problem 2. Given, two angles and a side opposite to 
one of them, to find the side opposite to the other. 

e, By and C, being given, to find ft. 

By the same formula we have : 

sin B . sin c = sin C sin fr 

Therrfore 

810 B sin c 
h sin 6 = — — — — 

sin C 

$ 88. Problem 3. Given, the three sides, to find one of the 
angles. 
a, ft, c, being given, to find,wfl. 

By f. No. 3, we have : 

cos a = sin 6 sin c cos A -)- cos b cos c 

By transposition and division : 

cos a — cos c cos 6 



cos 4 == 



sio b sio c 



1st TransfarTnaiion. To transform this formula fmr the 
purpose of adapting it to logarithmic calculation ; we have 
by Q, No. 3 : cos «fl ss 1 •— 2 sin* i A 

9 

By which : 

cos a — €08 c cos b 

1 — 2 sina J j3 = ■ 

9 sin c sin ft 
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Transposing and redncing to a common denominator, with 
the consequent change of signs : 

, sin c sin & + cos e cos b — cos a 

Ssin'iJ =g. ' ' ■ ' 

sin e sin d 

And by the two first terms of the numerator : 

cos (c CO ^) — cos a 



2sin> iA — 



sin c sin b 



Snbstiteting from M, No. ll, and dividing both sides of 
the equation by 2 : 

sin i (a + (c CO ft)) sin i (a — (c CO 5)) 

sin* J Jt = — —— 

aid c sin b 

a + h + e, 
Cklling p = ^ as in section 5T : 



sin (p — c) sin (|> — b) 

sin« J JJ = ; 

sin e sin 6 

Whence: 

(sin (p — c) sin ( p— ft)\ J 
sin c sin 6 / 

£d TmnifcrmoHan. We haye also by Q^ No 4 : 

cosjfl B= icoB^iA^l •• 

t 

Substitnting this, transposing tiie 1, and reducing to a com- 
mon denominator, we have by the same process as above : 

cos a — (cos e cos b — sin 6ein c) 

2 co8« M = : 

sin b sin e 

cos a — cos (6 +e) 
sin b sin c 



1 
1 
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i nnh (a + h + e) %m i{h + e -^ a) 



t C08« hA =• 



£ 



sin h sin e 

stn p sio (p — a)\i 



•am p «in (p — «;\ 

cos i^ j1 = I I 

V sin 6 sin c / 



These formulae are affected in the same way as the corres- 
ponding formuliB of Plaice Trigonometry, T, No. 14 and 15. 
Sd T^ansformaJtion. We also derive from them* in the way 
that was there described, the following formula, which is in 
all cases liie most exact in its results. 

SIB J A ysin (p — c) sin (p — ^)\4 

tanjjJ = a I — 1 

cos h A \ sin p sin (p — a) / 

$ 89. Prdbltm 4. Given, the three angles, to find one of 
the sides. 

Af B, C, being given, to find a. 
By formula e. No. 3 : 

cos B cos C + cos A 



cos a = 



sin B sin C 



Ut Transformation. By Q« No. S : cos a = 1 — fi sin' i a 
Substituting this value, transposing, and reducing to a com- 
mon denominator : 

sin fi sin C — cos B cos C -— cos A 
2 sin* ia = ■ 



•• sin B sin C 

— cos (B + C) - cos j| 

sin B sin C 

By a substitution analogous to M, No. 8, and dividing both 
sides by £ : 

cos i (B + C + Jl) cos i (B + C - ^ 
sin* } a BBi — ■ - 

sin B sin C 
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Assuming P sb »' , and extracting the root : 

/ cos P COS (P - JJ)\4 
rinija = I 1 

\ sin B sin C / 

We get rid of the sign — -, from the consideration : that P 
is necessarily an obtuse angle, since the sum of the three 
angles of a spherical triangjie is always greater than two 
right angles, (by section 72 ;) hence its half is greater than 
one right angle, the cosine of which being negatiYe^ renders 
the result positive ; we have, therefore, finally : 

I 

(COS P COS (P - Jl)\i ^ 
— I J 
sin B sin C / 

5td Tmnsformaiion* By substituting in the above formula 
cos d = £ cos' i a — 1, we have : 

sin B sin C -(- cos B cos C + cos A 
ft cos* } • = ■ 

sin B sin C 

cos C + cos (B CO C) 
sin B sin C 

By a substitution analogous to M, No. 8, it becomes : 

2 cos i (j! + (B CC C)) cos i (A CO (B 09 C)) 
2 cos* i a = ■ 



cos i« 



cos im 



sin B sin C 
^cos } (j! + B - C) cos i (j| + C - J5)v 4 

V sin B sin C ^ 

rcos (P -C) cos (P-B)v 4 

"" V sin B sin C ^ 
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Sd Transformation. We have also in this case as in the 
preceding^ from the diyision of the two formid» : 

(* C0flPc08(P — ^ V I 
I J 
co8(P - C) cos(P - By 

$ 90. Problem 5. Given, two sides and the included angle, 
to find the third side. 
h, c, and A, being given, to find a. . 

We have found by section 88, problem 3 : 

€08 (C CO b) — C08 a 

2 Bin' i A » ' 

8iQ6 8in€ 

Or 

2 sin h sin e sin' } j8 =^ cos (c CO 5) •* cos a 

1st Transformation. Substituting for the two cosines on 
the ri^t, their values fit>m the analogy of Q, No. 3, we have : 

2 sin 6 sin c sin* i jS = 2 sin* i a — ft sin* i (e 09 U 

Whence 

sin* i a = sin* i (c CO 5) + sin fr sin c sin* it A 

Making the first term on thie right a common factor £wr 

both terms, and extracting the square root : 

1 

(sin 6 sine sin* i^^v i 
1 + 1 
sin* i (cw « / 

Assuming 

sin hA 
2 tan Z B3 ■' (sin h sin c)* 

sin i (c CO 6) 

We have for the part under the radical : 

1 



(1 + tan* Z)* = sec Z = 



cos Z 
And the formula becomes : 
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sin i (c C/} 6) 



SID } a = 



cos Z 



^d TS^ansformaUon. It is evident that it may also be 
reduced bj a substitution analogous to Q, No. 4. 

2 sin b sin c sin' } j9 = 2 cos^ i (^ (X) ^) '"* ^ ^^^^ ^ ^ 

Whence may be deduced by the same process : 

sin b SID e sin' i *^v i 



cos 



(91U u 91U c siu" 9 tav 
1 j 
• COS' J (c CO 6) ' 



Assuming 

sin ^ ^ 

sin Z' = (sin b sin c)i 5 

cos J (c CD 6) 

The formula becomes : 

cos i a = cos i (c ^b) cos Z' 6 

Sd Transformation. Taking from problem 3$ the formuli^ 
for the value of cos' i •fl, instead of the value of sin' i A, 
we obtain : 

2 sin b sin c cos' iA = cos a — cos (5 + c) 

We have, consequently, the means to transform the equa- 
tion again in two ways, by means of the two values of cosine 
a, and cosine (( + c). 

In the first place, by a substitution analogous to Q, No. 3, 
and the transformation made in No. 1 : 

(sin b sin c cos' 1 .^v i 
1 *| Y 

sin'J(c + 6) / 

In which, by assuming 

cos i A 

sin Z" = (sin b sin c)* 8 

sin i (c + W 

R 



10 
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The formula becomes : 

sin i a = sin i (c + h) cos ^ 

4th TVansfarmatum. By a subdtitutioii analogous to that 
in the £d ti*ansformation9 we also obtain here : 

2 sin b gin c cos^ i A ^ 2 cos' i a — 2 cos* ) (c + 6) 

Whence in like manner : 

(sin b sin c cos* i ^v 
I H 1 
cos* i(c + b) / 

(sin 6 sin c cos' ^ ^v | 
1 -|- 1 
cos' 1 (c + 6) / 

Assuming again 



cos I A 

11 tan 2r = (sin 6 sin c)h 

cos i(jc + b) 

the formula becomes : 

cos f (c + 6) 
13 cos } a = - 



cos Z'" 

The four preceding formulae evidently furnish the means 
of forming two others for the tangents, as h. No. S, and i, 
No. S> in problems 3, and 4, in the following manner. 

Sth Transformation. Dividing No. S, by No. 6 : 

sin i a sin i (c d^ 6) tan | (c C/2 &) 

13 = tan )a = ■ = — r 

cos i a cos i(c ^b) cos Z cos Z' cos Z cos Z 

In which we have, as before, the auxiliary angles determined 
by No. 2 and 5. 
Sth Transformation. Dividing No. 9, above, by No. 

12: 

sin la sin i (c + b) cos Z" cos ZT 

-' = tan J o = ' 

cos i a cos i (c + b) 

14 = tan J (c + b) cos ZT cos Z'" 
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The values of cosiiie Z''^ and cosine Z'", being determined 
by No. B and 11. 

As these two formulse have the same factors in the auxiliarfr 
arcs as the four preceding ones, and represent no more than 
two different functions, of which the same function is used 
finally, the calculation of them is not attended with much 
more labour i and this is fully compensated by their greater 
exactness and applicability to every case. The nature of 
the data must in this case, as in every other, determine the 
choice of the formula; if, for instance, {c CC h) were small, 
the formulse which employ its cosine would not afford 
exact results ; it is, in general, better to employ those using 
(c + &) ; and those giving the tangent, will in all cases be 
preferable. It will be readily perceived, that it is a matter 
of indifference whether we take the sine, or cosine, for the 
auxiliary arc, as well as, whether the tangent or cotangent 
is used, in the respective cases where their use occurs, pro- 
vided the proper corresponding functions are also used in the 
final formula. 

7tk Transformation. We may also transform the original 
formula f, No, S, of the preceding chapter. This gives a 
function of the whole angle, as follows ; viz : 

cos a = cos c cos 6 -|- sin 6 sin c cos A 

by substituting for sine ft, or sine c, the value of one or the 
other, in conformity with the principles whence we deduce 
series B. 

In this manner, writing instead of sine i, its equal, 
tangent h cosine 6, we have : 

cos a = cos b cos c 4* tan 6 cos h sin c cos A 

And assuming:' tan j^ = cos A tan 6, we obtain : 15 

cos a = cos h cos c + cos h sin c tan y 

Multiplying the two terms on the right hand by cosine y, 
we have : 
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COS h COS c COS y •4' cos 5 sin c sin y 



cos a =: 



cos y 
COS ft 

And^ as is a common factor : 

COS}^ 

cos b 

cos a = (cos c cos y -^ Bin c sin y) 

cos y 

cos 6 . cos (c C/) y) 

16 « 

cos y 

^th Transformation. Making, as before, 

17 cot y* = cos A tan b 
vrt finally obtain : 

cos b sin (c + V') 



IS cos a 



sin y 



It will be seen that these two formulse are identical, for 
the passage from the tangent to the cosine is evidently the 
same as that from the cotangent to the sine. In the first 
case, we have the cosine of the difference between the auxi- 
liary angle and the other side ; and in the second case, the 
sine of the sum of the two angles $ which produce again the 
identical trigonometric function* 

$ 91 • Trobltm 6. Given, two angles and the included side, 
to find the third angle. 

B, C, and a, being given, to find A. 

This case is exactly analogous to the preceding, as might, 
in fact, have been anticipated from the properties of the sup- 
plementary triangle ; it, notwithstanding, requires a separate 
investigation, in consequence of the diversity that occurs in 
the algebraic signs, and in the combination of the simple arcs 
and their values 5 which occasions a change of sine into co* 
•ine. We tiierefore give these successive changes. 

In preparing the formula k, No. 1 , problem 4, we obtained : 
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- COS (J? + C) - cos A 

2 sin* J a = 

sin B sin C 

Whence 

2 sin B sin C sin^ ) a = — cos (B + C) — cos J3 

1st Transformation. Introducing the sines and cosines of 
the half angles instead of the cosines of the whole angles, 
by substitutions analogous to Q, No. 3 and 4 : 

2 sin' ^A = 2cos*i{B + C) + 2s\nB sin Csin'' i a 

Dividing the whole by 2^ making cos' i{B + C) a com- 
mon factor, and extracting the root, the formula becomes : 



(sin B sin C sin' | a\i 
1 A 1 1 

cos' i(B + C) / 

Assuming again 

sin i a (sin B sin C)^ 
tan Z = __ ^ 

cos i (5 + C) 

The formula becomes : 

cos i (B + C) 

sinijS = S 

cos Z 

^d TramformaUon* . Substituting sine, and cosine of A^ 
and {B + C), in a manner the inverse of that employed 
above, we have, as may easily be seen : 



_ ^ sin B sin C sin' } flv I 

cos " " 



(Bin X> ii|D V> BID' 7 ov 
1 ^ ^ _) 
sin' i (B + C) / 

Assuming 

sin i a (sin B sin C)^ 
sin 2' = . 

sin i{B + C) 
The formula becomes : 

cos i ^ = sin I (B + C) cos ^ 
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3d TransfarmaHm. Taking from the 4th problem tlie 
preparation for the second transformation : 

2 co«« J a sin a bid C = cos J3 + cos {B C» C) 

And substituting the functions of the half angles, exactij 
as in the preceding transformation, we have : 

(sin B sin Ccos'iav 
1 -. 1 
CM* i (B r/5 CS / 



8 



COS* i{BtnC) 
sin B sin C cos* i a\ I 

cos« i (B CO C) 

In which, assuming ' 

cos I a (sin B sin C)^ 
8in2- = -^ 



(BID n SID f^' COB' V Ov 
1 1 
ross 4 rfi r/5 C^ / 



cos 4 (J5 05 C) 
The formula becomes : 
9 siniJl = cos i (B O) 9 cos 2" 

4*A Tran8f(ynnation. By substituting the functions of the 
half angles, in a manner the inverse of that used in the pre- 
ceding transformation, we obtsun, from the same formula as 
the preceding one, the following results in succession : 

2 cos* i o sin B sin C = 2 cos* i ^ - 2 sin* i (B CO C) 

Whence 

cos* M = Bin* 4 (B 05 C) + cos* 4 a sin B sin C 

(sin B sin ^ cos* 4 av 4 
1 + 1 
sin* * (B C» C) / 

And assuming 

cos i a (sin B sin C)^ 

tan^'" = • 

11 sin4(B^C) 

The formula becomes : 

sin 4 (B 03 c) 

cos 4 JJ = " 

1 2 cos Z^' 
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5th Tran$fonnation. The four preceding transfovmatkms, 
also evidently give two for flie tangents ; viz. 
By dividing formala S, by formula 6^ we obtain : 

ain I A cos i (B + C) cot 4 (B + C) 

' a tan i j9 = — - = _— _ 13 

cos i ^ sin i (B 4- C) cos Z cos^ cos z cos Z' 

m 

for which Z, and Z', are determined by No. 2 and B. 

6th Transformation. By division of the formula No. % 
by the formula No. 12, is obtained : 

sin iA cos I (B C/} C) 

= tan } .^ = cos Z" cos ;j'" 

cos M sin i (B Oi C) 

= cot J (B CC C) cos Z* cos Z"' 14 

where Z", and Z'", are determined by No. 8 and 11, above. 
7th Transformation. Taking the original formula, as in 
problem 4, we obtain, by transformations analogous to those 
for No. 16 and 18, in the 5th problem, the following results 
in succession, for two analogous transformations 3 viz : 

cos A rsB cona sin B sin c — cos B cos C 

By a substitution, according to B, No. 8, using for sine B, 
its equal, tangent B cosine B : 

cos A = cos a tan B cos B sin C — cos B cos C 

And assuming 

cot y = cos a tan B 1^5 

cos A = cos B (cot y sin C — cos C) 
cos B 



smy 



(cos y sin C — cos C sin y) 



cos B 

cos A = sin (C — y) 16 

sin y 



1^ PABT IJt. 

Sih Transformatwn* This is identical with the foregoing^ 
and is thus obtained. U, instead of making use of cotangent y, 
we assume : 

If tan y' =^ CM a tan B 

we obtain : 

cos A :=: COS B (tao y sin C — cos C) 

cos B 

= (sin y sin C — cos Ccos y) 

cos y 

— cos B cos (y' + C) 



13 cos A = 



cos y 



It is necessary to pay strict attention to the proper alge- 
braic signs of {y' + C) that determine the affection of A9 
which is obtuse when (jf' + C) ^ 90% and acute when 
{y' + C) :^ 90"* 5 and also to the algebraic sign of the func- 
tions of y' itself^ as determined by a, and B. 

$ 92. Problem 7. Given, two sides and the included angle, 
to find the remaining angles. 

a, hj and Cj being given, to find JS.^ and B. 

By d. No. 4, we have : 

'^, CC C^\ cot \{B +A) cot } C 

cot 



C-P) 



2 / tan 4 (4 03 5) 

By d, No. 5, we have : 

C, in C\ sin (o 4. h) tan j C 



cot 



(' \ -« 

~7~J ~ 



sio (a C/3 6) 



Therefore, by equality : ' 

cot J(4+B)cotf C sin (a + 6) tan J C 

tan HAU^B) sin (a Cfi 6) 

Which gives the two following equations : 
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tan i (Aa^ff) 



tan i (A + B) 



sin 


(aa)*)cot»|C 


sin (a 
sin 


+ b) tan i(A + B) 
(o W b) cot» 1 C 



sin (a + b) tan J (^ OQ B) 



Each of these formuls still contains the unknown quantity 
of the others by comparing each of them with No. 1 of the 
same series, we obtain : 

tan i{BcnA) » 

tan i (.4 + B) tan i (6 Cf) a) sin (a CO b) cot' ) C 



tan i (a + 6) sin (a + 6) tan i (j3 + B) 

tan i{A+B) = 
tan I (^ CO B) tan i (a + b) sin (a c» &) cot* I C 

tan J (a (/) ^) sin (o + ft) tan i (^ c/3 B) 

Which furnish two new equations, each of which contains no 
more than one of the two unknown quantities that are sought^ 
and we can easily deduce from them : 

cot* i C sin (a O) h) tan §(« + &) 
tan« i(A + B) = — 



tan» HACrtB) = 



sin (o + b) tan i (a CO 6) 
cot* i C sin (o CO 6) tan § (a CO 6) 



sin (a + ft) tan J (a + ft) 

By a substitution for sin (« + ft), analogous to Q, No, 1, 

sin 
expressing the tan => — , and the resulting compensations 

cos 

and extraction of the roots, the final formula result : 



n 



cos i (tt CO ft) 

tani{A + B) == cot i C . j< 

cos J (a + *) 



138 FART III. 

sin i {aU^h) 



2 tan J (J CI3 B) « cot i C 



sin I (o + *) ' 

These formalffi, which are easy to calculate^ and advanta- 
geous, enable us to dispense with the i^search of others, that 
might be easily constructed, in which no more than a single 
angle is determiaed. They give, of course, directly : 

jf = J (j5 + j5) + i ( J CO B) 
and B = 4 (jj + B) - 4 (j3 CO B) 

$ 93. Problem S. Given, two angles and the contained 
side, to find the two remaining sides. 

A, B, and c, being given, to find a, and b. 

The consideration of the formulae of the same series 
whence the preceding have been derived, shows that formulie 
similar to them may be obtained for this case. But in order 
to shorten the operation, we shall here proceed by means of 
the supplementary triangle; writing each of the angles and 
sides in expressions taken from the supplementary triangle; 
distinguishing them by accentuation until reduced. When 
reduced by this method, the formulae n. No. 1 and 2, become : 

180** - a' + 180« — 6' 
tan — 

€08 i ((180^ ^ Jt)U^ (180^ - E)) 

= cot (90« - i c') 

cos 4 ((180*^ — JJO + (180^ - B)) 

tan 4 ((180^ - a') C» {180"* - 6')) 

sin 4 ((180'' - Jn^ (180** - B)) 



'•= cot (900 _ J c') 



sin 4 ((180^ - ^) + (180^ - B)) 



Making the compensations which evidently result througli- 
out, considering that cos (180*" •— a?) = — cos a?; that 
cot (90* — 4 c') = tan 4 c', and that tan(180^ — a:) = — tanar. 
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and ultimately omitting the apcentiiatioiiy we hare as a final 
result: 



o 

cos J (4 00 J5) 

tan I (a + 6) = tan } c 1 

cos J (jJ -J- B) 

sin i^^cn^) 
tan i (« Cf) 6) = tan j c St 

sin i (i 4- B) 

The two sides here^ are evidently found as the two angles 
were in the former in^stance. 

« = f (a + 6) + i (a CC 6) ; b = J (a + 6) - J (a CD*) 

If two sides with the two angles opposite to them are givewy 
the femhuln n, and o, determine with equal ease the third 
angle and the third side, 

$ 94. Freiiem 9. Given, two sides and an angle opposite 
to one of them^ to find the third side. 

ft, a, and w9, being given, to find e. 

By tf No. 3, we have : 

cos a ^ cos c cos 6 -f* sin 6 sin c cos A 

This formula has already keen trsmsfiyrmed, in problem 5, 
formulae 1, No. 15 to 18, into the two foUowing. 

Ut Tranrformaiiou. Making p 

tan y ^s= tan b cos A X 

we there obtained : 

C99 b 
cos a = — — cos (c CC y)* 
eosy 

cos b 
Whence, dividing by *-*^, weobtam fi)rt;he present problem: 

cosy 

co§ Acps y 

cos (c ^ y) = ^ 

cos b 
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&d Transformatioa. Making 
S cot y' = cos dA tao 6 

we there obtained : 

cos b 

cos a ssai sin (c + v) 

Biny 

Whence we deduce, as before : 

cos a sin y 



sin (c + y') = 



cos h 



These two fonnulse give, each, one of the two possiblcr 
angles. Only one, howerer, need be calculated, because this 
double result is also obtained by taking both the sum, and the 
diSI»«nc« between the two angles, c, and e ± y; with this 
understanding, therefore, the two formulae are identical. 

3d Tr^nsfarniation. By a direct analytical treatment of the 
formula f, No. 3, we may obtain a mutation giving the side 
^ in a formula analogous to F, No. 1, or 2; that is to say, 
in two parts ; the sum or difference of which will be the side c, 
sought; this process leads through a quadratic equation^ 
which may be avoided by proceeding as has been done in 
Plane Trigonometry, problem 5. 

Making, therefore, according to Jigure 15, or 16 ; 

5 c=^BD±AD^x±y 
We have by series b. No. 3 ; 

6 tan AD = tan b cos A =i tanx 

7 and tan BD = tan a cos B = tan y 

The angle B, is not given directly; but is determinable 
£rom Hie data of the problem 5 we have by them ; 

sin .^ sin 6 
S sin B = ■ 

sin a 
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This angle, B, tiierefore, forms an auxiliary arc in the de- 
termination of tangent }^» by which means both parts of c 
are, therefore, determined by their tangents. 

4th Transformation. If we express, by means of the value 
of the tangents obtained in the preceding, the values of the 
cosines of x and y, according to the formula D, No. 9, we 
obtain the following simple expressions, which are extremely 
easy to calculate. We have, in that case : 

1 

cos X = 



(1 + tan« x)i 
and in this, by 6 : 

sin h cos A 

cos b 



tan X = 



Thence : 



1 



cos X = 



sin' b cos j9\i 



(sm^ bco9A\ 
1 + ) 
cos' b / 



cos b 



(cos* 6 + sin* b cos* A)i 
cos b 

(1 - sin* b sin* A)i 

And by changing the expression for the value of tangent y, 
in like manner, we obtain : by first substituting in 7, the 
value of cos J? = (1 — sin* B)i 

sin a £ sin* A sin* frv | 

tany = II 1 

cos a ^ sin* a f 

Substituting this value in the same formula, D, No. 9^ we 
obtain: 



■* ^ - '' « 



. *> ^ 
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1 



cosy as 



(1 + taii« y)i 

1 



(sin*^ a sin' A sin* ^\ \J 
1 H (I - ) I 
cos* a V sin* a // 



% 1 



(1 \i 

I ^ ^^„t a p- sia» jJ sin* 6) I 
cos* a / 



cos a 



(cos* a + sin* a — sin* 4 sin* 6)1 
cos a 



.|Q cos y == 



(1 - sin* A sin* h)\ 



These two formuls have the same denominator; they furnish^ 
consequently^ the same auxiliary arc for both; makings 
tiierefore : 

11 sin Z = sin .^ sin h 

we finally obtain^ for the two formulae 9 and \% the defini- 
tive values : 

cos 6 

12 cos X = 



cos Z 

and 

cocfa 



cosy 3= 



13 ' cos Z 

the calculation of which isevidenlly ^the greatest simplicity. 
By using D, No. 3^ instead of No. 9, somewhat similar 
expressions are obtained for the sines^ hut, as they are ijuit 
so simple as either of the preceding ones, they are not bei*e 
deduced. 
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$ 95. Fr^km 10. Oivm» two Angles and a sMe op^posite 
to one of them ; to find the third ai^k* 
GiTen^ ^ B, a; tb find C. 
The general formula for this case is again : 

cos C = sin B sin j9 cos c ^ cob B cos A 

Ist Transformation. It is evident that, making use of 

the 7th transformation of problem 6, we obtain by simple 

division of m^ No. 16 : 

Assuming q 

cot y s cos a tan i? I 

cos A sin y 

sin(CCCty) = 2 

cos B 

Sti Tran^ormation. By the same process^ we obtain from 
m, No. ISf upon the supposition that : 

tan 2^ = cos a tan B 5 

cos A cos y' 



cosCC+yO = - 



cos B 

These two formulse are evidently under the same predicament 
as the two corresponding ones in the preceding problem. 

Sd Transformation. To this^ what has been said in the Sd 
transformaMon of problem 9, again applies exactly ; for we 
have here again^ by figure 15 and 16 : 

C = BCD ± ACD « OP ± y 5 

By series b. No. 5, we obtain for this case : 

cot X = cos a tan B ' $ 

cot y as cos 6 tan i^ f 

The unknown side h, employed Jiere, is determined according 
to problem I, as an auxiliary arc for No. T, thus : 

sin A sin B 

sin & = ^ ■ ■ S 

sin A 
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4<& Trawffnrmation. The results of the preceding formula 
being used, in the same manner as in the 4th transformation 
of the preceding problem, but applied to D, No. S, will give 
for this problem the following transformation, exactly analo- 
gous in point of form. We have there : 



sm X = 



(1 + cot* x)i 

From No. 6, above : 

sin B 



cot X = cos a 



cos B 



Whence 



tlO X = 



(cos' a sin' ^v f 
1+ ) 



cos' a sin' B^^ f 

cos' B 
cos B 

(cos' B + sin' B cos' a)i 

cos B 

(cos' B + sin' iB - sin' B sin' o)i 
cos B 



sm re = 



(1 - sin' B sin' a)^ 



And in like manner, after having inserted the auxiliary angle 
No. 8, we have : 

sin A y sin' a sin' B^ i 

coty = (l 1 

cos A V sin' A f 

(sin' A — sin» a sin' B^ 



cos A 
Whence is obtained, by analogy to D, No. S : 



-» 
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9iny 



((sin* A '" sin* a sin* Bv j 
1 + I 

cos* Jl / 

COS A 

(cos* j9 + sin' A — sin* a sin* B)i 

cos j3 

sin y = 10 

(1 - sin* a 6in« B)i 

Here» again, the denominators ate ekjual ; and tiie auxiliary arc 

sin Z = sin a sin iS 11 

Which gives the final formulie : 

cos B 
sin X = ■-> 12 

cos Z 

and 

cos A 
sin y = 13 

cos Z 

$ 96. Froblem 11. Given, two angles, and a side oppo- 
site to one of them; to find tlie side contained between these 
angles. 

Given, B, a^ A; to find c. 

The soltttiott of this case depends upon the original formula^ 
f. No. 2. 

sin € cot a + cos « cos A = sm S cot^ 

Ut Transformation. By making r 

tan X = cos B tan a i 

which gives : 

cos B cos ps 

cot a = 

sin X 
T 



146 PABt* lU* 

And substituting it in the equation^ it becomes : 
sin c cos B cos x 



+ cos c cos B =c sin B cot A 



sin X 

cos B 
Reducing to a common denominator, and making 

sin X 
a common factor : 

, cos B 

(sin c cos X + cos c sin x) = sin B cot .^ 

sin or 

cos B sin (c + a:) 



= siD £ cot A 



sm a; 
And finally ; 

Q sin (e + ^) ^= tan B cot .^ sin x 

Zd Transformation. ^This is obtained in a manner similar 
to the foregoing, hj making: 

S cot x' = cos B tana 

Which gives: \ 

cos B SID x' 



cot a = 



cos X 

Which, being substituted in the formula, gives : 
sin c cos B sin x 



+ cos c cos B = sin B cot Ji 



cos x' 



Treating this as in the previous case, we obtain successively 
cos B 



(sin c sin x + cos c cos x') = sin B cot A 



cos a; 

cos B cos (c CK) x') 



= sin B cot j1 
cos x' 

cos (c CTJ x') = tan B cot A cos ap' 
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that are two formulae^ in the same predicament as q^ No. £ 
and 4. 

3d Transformation. This is made in a manner analogous 
to that in problem 9, and equally avoids the quadratic equa- 
tion, by which it could be obtained from f. No. 3, or e. No. 
3; taking, according to figure 15 and 16, the segments of 
the side : 

And taking, in b, No. 4, the value of these parts, we obtain : 

tan X = tan a cos B 6 

tan y = tan 6 cos A j 

The side 5, which is here supposed to be given, and must 
therefore be determined as an auxiliary angle from the data 
of the problem, is : 

sin B sin a 

sin h eas 8 

sin A 

By which, again, all parts are solved, and the result calcu- 
lable by logarithms. 

\%h Transformation. From this last formula can be de- 
duced another, in th^ same way as in the two preceding 
problems, for the same two sections x, and y, of the side 
e; thus: 

Expressing the cosine by D, No. 9, we have : 



cos X = 



(1 + tana a;)i 

Which gives here, by substituting the value of tangent a:, 
that we have just obtained : 

1 



cos a: = 



(1 + tan" a cosa B)i 
cos a 

(cos^ a + cos* B sin* a)a 
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cos a 

cos X = ■ — 



(1 — 8in« a sin* B)i 

And taking D, No. 3, to express sine y in terms of 
tangent y^ we have: 

tany 



sm y = 



(1 + tan» y)4 

And expressing tangent b by the auxiliary arc, we have : 

sin a sin B 



tan 6 = 



(sin' a sin' £v 
I I 
sin* A / 



sin a sin ^ 



Whence 



(sin' A - sin' a sin* ^)* 



cos .^ sin a sin J3 



tan y = 



and 



(sin' A — sin' a sin' ^) J 



cos ^ sin a sin ^ 



sm y :== 



(sin' A — sin' a sin' B)h 



sin' a sin' B cos' w3 v J 
sin' jJ — sin' a sin' B^ 



Bringing the denominator to a common denominator, and 
compensating, in numerator and denominator : 

cos A SIB a sin B 

sin y = ■ , ___»«.. -_« 



(sin' A - sin' a sin' B + sin' a sip' ^ cos' A)i 
cos .^ sin a sin B 



(sin' A — sin' a sin' jB (l - cos' j|))i 
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siny = 



sin ^ (1 — 8in> o sin' B)i 
cot A sin a sin B 

(1 -1- sin' a sin'.fi)^ 



10 



Here we have again^ for the determination of x aii4 y» th^ 
same denominator^ and therefore the same auxiliary arc. 
Therefore^ making 

sin Z = sin a sin B 11 

we ohtain finally the two following formula for calculation : 

cos a 

cos X = 12 

cos Z 

and 

cot A sin a sin B 

sin y = , = cot ^ tan Z 13 

cos Z 

Of these two expressions for sine y« the first 'will be found 
shorter in the actual c^culation^ because it is easier to 
write sine a sine B^ twice, and use the same auxiliary arc, 
than to take two difiTerent auxiliary angles. 

$ 97. Froblem 19. Given, two sides and an angle opposite 
to one of them; to find the contained angle. 

Given, «tf, 5, a; to find C 

By f. No. 2, we have : 

sin C cot A + cys b cos C = sin & cot a i 

tst TraTisfarmaiion is obtained as in the preceding problem, 
by making 

tan x = cos ( tan A 



"Which gives: 



cos h cos X 

cot A = 



sin X 
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The equation becomes, hj this substitution : 
cos C cos b cos ^ 



-f- cos b cos C = 8in h cot a 



SID ^ 

CQS fr 

Reducing to a common denominator, and making - 

sin X 

a common factor, gives : 

cos h 

(sin C cos * + cos C sin «) == sin b cot* a 

sin X 

or 

cos & sin (C + a:) 



= SID b cot a 



sio X 

Whence, finally : 

Q sin (C 4" *) ^ cot a tan b sin « 

2d Transf<yrmation. A formula corresponding to the pre* 
ceding is obtained, by making 

3 cot ^ ^= cos 6 tao .^ 

And following the same process in the reduction of this as in 
the preceding, the final formula will become : 

4 cos (C CC a/) = tan 6 cot a cos ^ 

These two formulae are again to be considered and treated as 
the two, q. No. 2 and 4. 

3d Transformation. Here, as in problem 10, expressing 
the two segments of the angle C, we obtain by means of b. 
No. 5, for each of them, simple formulse for logarithmic cal- 
culation; thus: 

5 C = BCD ± ACD = X ± y 

We have by b. No. 5 : 

g cot ^ = cos a tan B 

and 
7 cot y = cos b tan A 
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Where J9 is to be determined from the data of the problem, 
and used as an auxiliary angle ; thus : 

sin b sin j9 
sin B = ■ g 

sin a 

4th Transformation. We may here again apply with ad- 
rantage, the transformations given in formulas 6^ and 7, by the 
aid of D, No. 14 and 21. 

We hare from 8, the ralue : 

sin h sin A 
tan B = 



(sm* 6 sm* M^ \ 
1 _- — ) 



sin h sin A 



(sin' a — sin' b sin' A)h 
Whence 

cos a sin b sin A 



cot X = cos a tan B = *- 



(sin* a — sin' 6 sin' jfl)i 

By D, No. 14, we have : 

cos a sin b sin A 



cot X (sin' a — sin' b sin' A)i 

cos a: = — e= ■ — — *— 

(1 +cot' x)i / sin" h cos' a sin' A ^i 



1 + y 

sin' a — sin' b sin' A^ 



cos a sin 6 sin A 



(sin' a — sin' b sin' j3 4* sin' 6 cos' a sin' A)i 
cos a sin 6 sin A 

(sin' a - sin' ^ sin' j3 (1 - cos* «))i 
cos a sin b sin i^ 



sin a (1 — sin* b sin* ^)i 
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colt a nti b^A 



cos X = 



^ 



From D, No. 2^ we hare for 

1 1 



sin y 



(1 + cot* y)i / COS* 6 sin* A^h 

COS* A 



(cos* 6 SID* A^\ 
1 + " ■ ' ' ■ " I 





cos A 






(cos* 


A + cos* 6 
cos 


SID* 


A)i 



(c6s* jJ + sin* A — sin* .5 sin» h)i 
COS j9 



10 8»n y = 



(i ~ sin* A sin* 8)* 



The two formulae 9 and 10, thus obtained, haye again the 
property <tfhayuig the same denominator; therefore, making 
use of the iamte auititiaty angle, namely : 

11 sin Z = sin j9 wn 6 

the final formula for calculation become : 

cot A^iah sin A 

12 cos X = = cot a tan Z 

cos Z 

and 

cos A 

IS sin y == 

cos Z 

What has been said in relation to r. No. 13, also applies 
here to No. liU 

$ 98. We hate tK^s ohtsdnetf for <etecfa of th<e cases of ob- 
lique angled spherical trigonometry, a variety of formulse, of 
easy calculation by logarithms ; as it may be useful in prac- 



Uce to have complete formuIsB for every case^ we have consi- 
dered it proper to enter into these details in this part of tiie 
treatise^ in order that a choice may be made among the for- 
n^uln of such as may best suit in any individual case, and 
aflfbrd the greatest accuracy. A skilful calculator will also 
find in them a check upon his own numeric operations; for 
he may at the same time calculate by means of two difiTerent 
formnlfl& ; for which purpose he will choose such as are most 
easily used simultaneously, in consequence of their only 
differing from each other in the employment o^ different trigo- 
Bometric functions of the same elements. 

These for)nul» all concur in showing : that, in Spherical 
Trigonometry, under equal circumstances, the different parts 
equally depend upon their data for their form of combination ; 
the part sought may be either a side or an angle ; so that 
there are in truth only six forms of this mutual dependence of 
the parts, which differ only in the details of signs, and occa- 
sional changes between sines and cosines, or tangents and 
cotangents* 

It may be easily conceived, when we consider the multitude 
of analytic formulae that may be deduced from the nature of 
the trigonometric functions : that other formulse and trans- 
formations, besides those here presented, are possible, as 
well as other methods ; but those here given are, in general, 
the most direct, and most accurate, and are consequently of 
most frequent use. 

In all the above transformations, the formulae from which 
they originate, or any particular operation performed, which 
may not be immediately evident, has been quoted and referred 
to, and, in addition, the aim of any operation, and the in- 
tended mode, has generally been quoted before the operation ; 
but it has been uniformly supposed, as stated in the begin- 
ning, that series B and C were known, as it is supposed 
that any arithmetician knows his multiplication table ; though 
it is not necessary to learn them by heai*t, for the proper study 
U 
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of tihoArst elements, and practice, will y&ry soon make them 
as fiimiliar as the multiplication table is to calculators. 

$ 99. In order to decide the doubtfhl cases, as indicated hj 
the fbrmnlae, or the nature of the cases, we may observe a few 
general rules. 

1. That in the formulae 1, S, S, and 4, of the problems 9, 
10, 11, and 12, the tangent or cotangent of the auxiliary arc, 
and the cosines of the other parts, may change sign; which, 
therefore, must be attended to. 

2. That by never employing a triangle with a side or angle 
exceeding * 80*", the results that would lead to such a side or 
angle are of course excluded. 

3. That in every triangle, the greatest sides and greatest 
angles are opposite, the least side to the least angle, and the 
mean to the mean. 

4. The principle, that the sum of the three sides of the tri- 
angle is always less, and the sum of the three angles, always 
more than four right angles, sometimes gives another crite- 
rion to judge in the case ; as well as : that the sum of the 
angles shall not exceed six right angles* 

5. The circumstances of a given case rarely leave room for 
doubt in the decision. It has already been observed : that 
wherever the case is not doubtful by nature, the formulae 
giving half angles are the most advantageous, in this, as well 
as in other respects. 
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PART IV. 



PRiyCIPLBS A^D EXJUHPLES OF- TBE FUACTHML 
CALCULATIOJrS OF TBIQOJmJiltETRr. 



1 ' 



CHAPTER I. 

* ' ' ■ • . 

Generdt PHtidples of the CaJbmlatums. ■ 

- $ 1 00. • I't has Uready been saSd, that order, and approprc^ 
ate aurangementi aipe qualities indispensable in lUl ealcula* 
i^oha ; but trigonometric calculations have more Q^pecially 
need of them* There are besides particular methods, that 
^re of. special use in such calculations, although they are 
applicable in a greater or less degree to all. 

$ lOl • We have seen that the formulae have been transfomied 
ipto such as airt adapted to the use of logarithms, from the 
ejiements to. the final result. In order to obtain this object, 
recourse has frequently been had to what are called auxiliary 
angliM. It must have been observed, that,' by queans of these, 
we are enabled to make use of the properties, or rather 
Ihe difibrent relations of the elementary trigonometric tunc^ 
tions, as calculations already made, in which tb^ i^li^tivf^- 
proportion of the yariatlpn of these trigonometric fiinction^^ 
is all that remains to be cakulated.. ... 

$ 102. There is moreover another artifice, that qootribotes 
in a high degree to aniformity in the arrangement of .the cal- 
culation; and it is astonishing, that this has so finsqneiitly^ 
and for so long a time, been neglected, |dt|io.ug^ pointed out 
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by Napier^ the inventor of logarifhms, himself, in his Caaoti 
Mirificus. It consists in employing the arithmetical comple- 
ments of the logarithms ; by which the final calculation of a 
result, depending upon any number of logarithms whatsoever^ 
is reduced to a simple addition* 

The general principle of this method may be explained in 
the following manner. 

If from any number whatever, say 783192, we wish to 
subtract an other, say 639178, it is evident that, if we sub-* 
tract the latter from the round number of the unit of the next 
higher denomination of the decimal scale of notation, and add 
the remainder to the first number, we shall have the same 
result as if we had made the subtraction ; with this difier- 
ence : that we must reject the unit of the next higher denomi^ 
nation in the decimal scale, that has been thus introduced. 
In our example we have for the number resulting from the sub- 
traction, which is called the arithmetical complement : 3608£2 
which being added to the first number, or . • • 783192 

we have for the sum 144014 

after rejecting the unit of the denomination next higher, as 
above directed; and this is in fact the difierence of the 
two numbers taken as an example. 

The use of this method would in ordinary calculations de- 
mand a strict attention to the effect of the next higher decimal 
denomination introduced; as, for instance, if from 379126 
we had to subtract 5492, using the complement, 
we have to add 4508f 



which gives in result * . • 373634 

where a unit of the fifth denomination, which has been intro- 
duced in the complement, is to be rejected, it being the deno- 
mination next higher than the highest denomination in the 
ubstracting number. 

$ 103. In logarithmic calculation this rejection becomes- 
merely mechanical ; for in them we have always the same 
number of figures, and the characteristic can never be uncer- 



I 



tain to the extent of ten ; for this would occasion a diflTerence 
in the result of ten places of figures in tiie natural number ; a 
mistake that cannot arise in anj given case ; and if the result 
were to be a trigonometric function, it would become an im-^ 
possible one. 

In order then to apply this method in Trigonometry, we al* 
ways assume a characteristic =10, from which we deduct the 
logarithm that is to be subtracted ; the complement thus ob- 
tained is then added to the logarithm whence the former was 
to be subtracted. This siubtraetion from a characteristic s lo 
is easily made, as well from right to left, as from left to right, 
which order may be most conyenient in writing ; to do this^ 
we suppose the last numb^ to the right to be 10, and all the 
others 9, and take their complements accordingly ; thus each 
number obtained is the complement to 9 of its corresponding 
number, excq^t the last oq the right, which is the complement 
to 10 ; for this, being the first and lowest denomination^ bor- 
rows from the next higher one a unit, which makes it be- 
come = 10, and this s^me borrowing, extending throughout 
the series to the characteristic 10, makes all the others, and 
this characteristic itself, become 9. 
' To give an example in logarithms, let it be required to 

subtract from logarithm • . 5,3714298 

the logarithm • • 3,2910463 

Vhe arithmetical complement of the latter is • 6.7039537 
When this is added to the first, the result, after 
rejecting^' 10 from the characteristic, is • • • 2,0803835 
which is exactly equal to the difference between the two given 
logarithms ; and having a 10 to reject, and retaining the cha- 
racteristic 2, gives three significative figures to the whole 
numbers, the rest being decimals. 

Let us take for a second example, one in which the result 
does not afibrd a 10 to be rejected, and which is therefore a 
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froper fraction* Say that from the logarithm £,7863214 
we had to subtract the logarithm • • • . « 6,24913(xa 

The eemplement of which would be • • • • 3.750869S 

Adding this complement to the first log. we obtain 6.53ri 9Q6 
which not furnishing a 10 in the characteristic to be re- 
jectedf indicates it to be the logarithm of a decimal fraction ; 
and the characteristic being 6, indicates that the first signifi- 
catiye figpire of the corresponding decimal fraction is of 
the fourij^ place of decimals, or has before it 0,000. 

$ 104. This method is besides already introduced in the loga- 
rithms of the trigonometric functions; we have there an aug- 
mentation of ten units in the characteristic, which corresponds 
to an assumed radius of 10,006,000,000, instead of unity ; 
which last would make all the trigonometric functions deci- 
mals, and their logarithms consequentiy negative, a result 
which this system is intended to avoid. This higher charac- 
teristic is rejected in the results, as we shall hereafter sc^^ 
and by that, the method of calculation has only one system. 

In order to render the means of ascertaining the number of 
these supernumerary tens in the characteristic, easy by mere 
inspection, it is customary to place a simple point (•) after 
the characteristics that are augmented by 10 } and a comma 
(,) after the characteristic of the logarithms of natural num- 
bers that are not complements. It results from this :-— That 
the number which corresponds to a logarithm whose charac- 
teristic is 9, or a less number, with^ a {.), ia a decimal 
fraction. In order to determine its value, or, which is the 
same thing, the place of its^first significative number, it is to 
be observed : that the characteristic 10, which ccHresponds to 
0, would give the unit place, and therefore the number which 
9 represents would begin with the first decimal place, or 
tenths ; the decimal number whose characteristic is 8, would 
begin with the second decimal place, or hundredths^ and so 
on> descending in the scale; so that the complement to 10 of 
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tiie characteristic will indicate the place of dedmak held Iijr 
the first effective figure ; the preceding places and the unit 
place being always filled op with ; lEbr it is pnqper to begiA 
every decimal number at the unit place of whole nomb(»»^ as 
well in the case of decimals as in that of whole numbers | 
for to begin with a {,) or a (•) renders it too easy to mistake 
this mark as an interpunctuation from the preceding phrase. 

There are authors who make use of negative characteris* 
ticsy which are the Complements to 10 of the above arithmetic 
complements^ leaving the logarithms themselves positive^ 
but their use is not only embarrassing, as all additions of 
positive and negative quantities in the same sum are, but it 
leads to mistakes in the operation ^ they are therefore to be 
rejected. 

$ 105. It has been seen, that the formulae frequentiy re- 
quire combinations of the elements by addition and subtrac- 
tion, in order to obtain numbers or angles, whose logarithms 
or trigonometric functions (in logarithms) are to be employed 
in the calculation ; a certain order in their arrangement is 
necessary in order to shorten the calculation itself, and ren- 
der its verification easy. 

In this arrangement all repetition is naturally avoided; 
if the logarithms serve for several results tiiat are equally 
the objects of research, they are written in such a way as to 
be easily added to each of the other logarithms that affect 
tbem in the different results ; and of the whole is made a sin- 
gle example of calculation, whose parts are added alternately 
to obtain the respective results. 

$ 106. The logarithmic tables that are of most frequent 
use, have generally seven places of decimals ; the degree of 
ex^u^tness obtained by this number of decimals is sufBicient for 
almost every kind of practical calculation. For special pur- 
poses there are tables that have ten, and even fifteen, places 
of decimals ; while in cases that require less exactitude, or 
when the number sought has but few figures, we may be 
satisfied with using no more than five places of figures. It 



17i8 PART IT. 

is to fit than in ease of need for this double purpose, that the 
tables of Callet hare a point aft^ the fifth decimal, which 
sayes the attention to, or counting of, the numbers of decimals 
that are used ^ but no attention is paid to this point when 
seyen places of decimals are employed* (I may remark here 
also, that the same tables that give the logarithms of trigono- 
metric functions to every ten seconds, with the differences sim- 
ply, and are therrfore adapted to decimal multiplication, are 
more convenient, in accurate calculations, where decimals of 
seconds are used, than the great tables of Taylor giving these 
logarithms for every second without any difierences, which of 
course must be first obtained, before proportional parts can 
he taken.) 

As for the manner of using logarithmic and trigonome- 
tric tables, taking proportional parts, he. reference must 
be had to the instructions given upon this subject with every 
logarithmic table ; it would be here a useless repetition, and 
a description of the several artifices that facilitate their use 
would be too long if given in detail ; attention and reflection 
in practice will teach them to every able calculator. 

$ lOr. Let us now proceed to the examples of the calcula- 
tions themselves. Instead of any explanation that would 
interrupt the course of calculation, the logarithms will be 
marked by certain letters, and the results by the algebraic 
expressions of the operation that these quantities have under- 
undergone, wherever there is a double operation, otherwise 
it is supposed, that the sum of the logarithm is taken, as 
far as not separated by a line. We shall besides point out 
the data, and place at the top of each calculation the ana- 
lytical formula to be executed, with a reference to the series 
and number in the body of the work. 
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CHAPTER n. 

Calculations of Fkme IMgonometty* 

§ 108. Thb following examples may suffice for tiie calcu- 
lations of Bight Jingled Flam Trigonometry ; as all the other 
cases glTO similar jnxiceBses. 

In the right angled plane triangle JiBC, Jigure 1, giyen^ 
d, and h, and «tf = Lit; to find sine B. 

d 
Formula A, No* 1. .. = gin £ 

h 

d = 758,3 log = 2,8798411 

h = 1935,5 j9:C:log = 6.7132068 

B = 23°. 03'. 54", 7 log sin = 9.5930479 

Given, hr and B ; to find d, and fc. 

Fonnula A, No. 1 and 2. 
d =s h BID B ; k m» h cos B 

h = 2235,0 log = 3,3492755 = x 

» — !«• ^^ A(^ 1/^$"^ = 9.4506865 = y 
B - 16*.23'. 46. log J ^^^ ^ 9.9819694 = I 



d = 630,89 log sr 2,7999620 = x + y 

k = 2144,10 log = 3,3312449 = ar + z 

Giyen, d, and k; to find tangent B. 

d 
Formula A, No. 3. .— = tan £ 

k 

d = 31462, log =s 4,4977863 
k s 94723, Jf : C : log := 5.0235446 

B == 18*. 22^. 26", 6 = 9.5213309 
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Given, d, and B} to find' A. 

Formula A« No. 1. 

d 
— =: Bin fi ; giTes /^ =s 



A sin B 

d sc 630,89 log == 2,79996£0 

B = 16^ IW. 46^ j9 : C: log sin = 0.6493136 

b s: 2236,0 log s= 3,3492765 



$ 109. The calculations of oblique angled phne 
iirill follow here in the order of the problems ^ and are applied 
to a triangle, ABC, Jigure 6, or 7, whose sides, a, ft, c, aro 
respectiyely opposite to the angles of the same name. 

$ 110. Prcbtem 1. Given, A, C, a^ to find 6, and c. 



Formula Y, No* 1. 
asin B a sin C 



b = ; 



sin A sin A 

a =: 3746,8 log = 3,6736446 ss x 

A = 6P 64' 26" j| : C : log sin = 0.0644409 = y 

B = 69. 68. 40. log : sin =^ 9.9374334 s z 

C =: 68. 06. 66. . log : sin » 9.9289663 = m 



J^mm 



b ss 3676,37 log » 3,6664189 = x + y+g 

e s 3606,38 log ss 3,6669608 = » + y-|.» 



V 
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$ 111. Problem £« Given, a, h C; to find A^ and B4 

Formula Y, Na* «• 



tan J (j! CO B) = cotjC 

a = 4901,6 
h =5= 3620,26 



a-^-h 



a + I = 8521,85 j9 : C: log == 6.0694662 

amh ^ 1281,35 log s: 3,1076677 

i C =:= 20^ 24' lOr log cot =r 0,4295133 

I (jj j^ B) = 20, 00. 39,2 tan « 9.6066472 
90« - i C s=r 69. 36. 50. 

■ I in 

A wn 91. 36. 29,2 
B = 47. 35. 10,8 

Giren, logarifhm a, logarithm hf and C; to find Af mAB* 

Formnla Y, No. 3 and 4. 

h 
— = tan Z ; tan | (j9 03 B) sa cot i Ctan (45^ - Z) 

a 

log 5 s 3,4720537 
Jl : C : log a = 6.4833417 

z = 42*03' 46%2 log tan z =^ 9.9553954 
45. 



(45'' - ^) =" 2. 56. 13,8 log tan » 8.7101908 

i C ^ 35. 17. 00 log tan n 0.1502104 

i (j9 03 B) » 4. 08. 50,2 tan s 8.8604012 
90O . I C « 54. 43. 00 



A ^ 58. 51. 50,2 
B a 50. 34. 09,8 
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$ lid. PrMem S. Qiww, ihCyh; to find c^ 





Formula T, No. 7 and 8. 




tan Z « 


28in| C(a6)i 
; c = 


aojt 


cos Z 


a s 4539,3 
6 « 3745,37 


log » 3,6569889 
log s 3,5734947 

7,2304886 




(a6)i « 

a 00 6 = 793,93 • 
|C ae: 240. 45'. 5(r 
2 


log sr 9,6152418 

wf :C:log« 7.1002178 

logon a= 9.6220438 

log » 0,3010300 


log s= 2,8997822 




log tan Z as 0.6385334 A : C 


:logco8» 0.6497139 


£ « 3544,02 


log » 3,5494961 



Omn IMP a^QTe. 

Fomrala Y, No. 10 and 11. 

2 cos i C (a fr)i 
cos X as ■ I J ; c p» (c + 6) «n OF 

a + h 

a = 1966,26 log = 3,2936444 

h = 8746,25 log = 3,5736930 



6,8672374 

(ai)* log « 3,4336187 

« 4- 5 ss 571 2,51 A\€ : log = 6.243 1 730 log » 3,7668270 
i C » 29*.24r. Iff* log cos = 9.9401069 

2 log = 0,3010300 

log cos a; = 9.9179286 log sin ^ 9.74S9740 

c « 3204,8 ........ log = 3,6068010 
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113. PrcMetn 4. Given^ a, b, c; to find B. 

Formula T, No. 15. 

({p-a)(/>-c)vi a + 6+c 
>»| J p i=: ' '■» — 

6 = 1920,6 

a =: 3409,3 ar.co.log =s 6.4673348 

c = 2591,6 ar.co.log = 6.5864320 



7921,6 
p =a 3960,75 
p^i»= 551,45 log = 2,7416061 

p - c = 1369,15 log = 3,1364510 

18.9317239 
I J? = 16^ 69'. 49",5 log sin = 9.4658610 
B = 33o. 59'. 39". 

Given as above. 

Formula Y, No. 16. 



cosifi 



/P^P — fK* 



b = 2587,4 

a 8 2468,8 ar . co . log = 6.6076141 

c = 1584,2 ar . CO . log =" 6.8001900 

6640,4 
ji = 3320,2 log « 3,6211642 

l> _ 5 = 732,8 log == 2,8649866 

19.7938638 
i B = 37^ 66'. 00". log cos = 9.8969269 
B = 750. 62'. 00". 
Z 



irs 



PABT IT. 



Given as abo¥«. 



Formoh Y, No. 17. 



taniB 



(p - a) (p - c)v J 



(VP — »; VF — ^/\ 



& = 2326,2 
c = 3106,4 
a = 2459,8 



7891,4 

p 3= 3945,7 

p _ 6 == 1620,5 

p -. c = 839,3 

p — a = 1485,9 



ar . CO • log = 6.4038759 

ar . CO . log = 6.7903510 

log s 2,9239172 

log = 3,1719896 



i B = 23**. 49'. 41", I 
B — 47^. Sy. 2r, 2 



19.2901337 
tan = 9.6450668 
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$ 115. Calculations of the surface of the tnvag\e dSC^ 
^hose sides are a, b, c. 
JProblem 1 . Given, B, C, a. 

a> sin B sin C 

Fonnuk Z, No. 1 ; S = 

2 sin (B + C) 

B = 52^ 58' 50'' log sin = 9.9022376 

C « 64. 11. 10 log sin = 9.9543464 

B + C •= 117. 10.00 ar.co . log: sin =s 0.0507651 

aA^on oi < 3,3925146 

a = 2468,9 2 log = J 313925,45 

2 ar . CO . log = 9.6989700 

S = 2462334, log = 6,39.13470 

$ 116. FfiMem 2. Given, a, C, h. 

a . 6 . sin C 



Formula Z, No. 3 ; 5 = 



2 



a = 3007,2 log = 3,4781630 

( = 2092,86 log = 3,3207381 

C = 89^ 54'. 60" log sin = 9.9999996 

2 ar.co.log = 9.6989700 

S = 3146810, lug = 6,4978706 

§ 117*. Problem ^ Given, a, (, e; to find 8. 

Formula Z, No. 6. 

5 «= (p (F - «) (p - *) (p - e))* 

+ 6 + c 
p = 

2 
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a ss 3330,4 
h s= 2965,9 
e s 2325,3 



8621,6 

p = 4310,8 log «= 3,6346579 

p . a = 980,4 log = 2,9914033 

J, -. 6 = 1344,9 log = 3,1286900 

p ^ e := 1985,5 log = 3,2978699 

13,0525211 

S =: 3359390 log a 6,5262605 



CHAPTER III* 

CakuUUions of Spherical iMgonometry^ 

$ lis* Aftbk what has been said of the methods of calcu- 
latioQ in the preceding chapter, it is not considered necessary 
to enter into the detail of the actual calculation of the formulae 
of Right Angled Spherical Trigonometry, that are con- 
tained in series b. It may be observed, that they all 
require no more than the addition of two logarithms of trigo- 
nometric functions, in a manner exactly analogous to section 
108, with this difference alone, that all the factors are trigo- 
nometric functions. Hence it is also evident, that relations 
only are obtained, not absolute quantities, as isT the fact ; for 
as we have only functions resulting from the relations of lines, 
no absolute quantity, or lineal dimension, can be in the result* 
This is the great means by which the relations of the im- 
mense and immeasurable distances that astronomy calcu- 
lates, are obtained* When it becomes necessary to indicate 
real determinate magnitudes, as, for instance, in relation to 
the earth, it is evident, that the radius, which otherwise forms 
no element of the calculation, comes into consideration. In 
that case, it is necessary to multiply any result or formula, 
prepared for this purpose, by the value of the radius, ex- 
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pressed in that kind of unity in yMch it is wislied to obtain 
the expression ; in the first power when a mere lineal dimen- 
sion is desired ; in the square when a surface is required ; 
and in the cube when a solid. This is exactly analogous to 
what has been said (section tl) in respect to right angled 
plane triangles ; and all the formulie of series T, and Z, are 
examples of the same principle^ as observed in sections 58^ and 
65 ; it applies equally to all the formulie that follow hereafter. 

We may proceed to the calculation of the formulie of 
Oblique Angled Spherical Trigonometry^ which requirey of 
course^ more arrangement and attention. As they are all 
expressly formed so as to admit of calculation by logarithms 
throughout^ we shall dispense with the notation log before 
tbe trigonometric functions named ; and consider it as alvrays 
understood, that the logarithm of the trigonometric function 
indicated is used. 

$ 119. Problem 1. Given, h, B, c; to find C. 

sin B Bine 
Formula g ; sin C == 



^■■i".* 



BID b 



b Bs 80^ 41' 46" ar. CO ,810 = 0.0067516 

c s 79.40.09. sin =: 9.99S9018 

B » 83.39.59. sin n 9.9973412 



C = 82. 13. 49. sin = 9.9969946 

$ 1£0. Problem 2. Given, B, c, C; to find b. 

sin B sin c 



Formala h ; sin & = 



sin C 



C = 40^31' 16" ar. CO. sin » 0.1843305 
B = 29. 14. 12. sin = 9.6887918 

c == 39. 10. 04. sin = 9.8004375 

r 

b == 28. 08. 14. sin = 9.6736698 
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$ !£!• Problem 3. Glven^ a, b, e$ to find Ji. 

Formula i, No. 1 
'810 (p — c) sin (p — 6)\i a + 6 + c 



sin} 



(810 (p — c) sin (/> — 6)\ 4 
I ; P = 
sin i sin c / 

a = 7S*»39'69" 

b ss 84. 09. 58. ar . CO . sin = 0.0022551 

c =s 60. 15. 13. ar . CO. sin = 0.0613652 



2 



218.05.10. 
p = 109.02.35. 
p - c = 38. 47. 22. sin = 9.7968936 

p - fc = 24. 62. 37. sin = 9.6239464 

19.3844602 
^ jS =:: 29. 29. 30,8 sin a 9.6922301 

A:^ 58.59.01,6 

Oiven as above. 

Formula i, No. 2. 

(sin p sin (p — a)\J 
T 1 
sin & sin e / 

a = 98** 42' 03* 

b = 83. 32. 26. ar . co . sin = 0.0027658 

c s= 45.48.03. ar.co.sin= 0.1495004 



227. 02. 32. 
pa 113.31.16. sin ==: 9.9623282 

p - o = 14. 49. 13. sin = 9.4078800 

19.5224744 
i jj = 54. 45. 16. cos = 9-7612372 

A = 109. 80. 32. 

QiTm as a)>ove« 

Formula i, No. 3. 

(sin (p — c) sin (p — b)\i 
1 
sin p sin (p '^ a) / 
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a = 89«* 14' 16" 

b = 73.62.43. 

c = 67. 24. 15. 



230. 31. 14. 

p = 116, 16. 37. ar . CO . sin = 0.0436497 

p - o = 26. OL 21. ar . CO . sin = 0.3679096 

p ^b = 41. 22. 64. sin = 9.8202487 

p - c = 47. 61. 22. sin = 9.8700887 

19.0918877 
M= 19.21.03,16 tan » 9.6469488 

JJ = 38. 42. 06,3 

$ 122. Problem. 4. FormulsB k. 

These formulsB having evidently the same form as those of 
the preceding problem^ the arrangement for calculation is 
precisely similar^ it is therefore unnecessary here to give 
any examples. The only difference between them is, that 
they use the cosines instead of the sines ; and that the bctors 
alternate between the formulsB for the sine and the cosine ; 
and consequently appear in inverse order in the formula for 
the tangent* 

§ 123. Problem 5. Given, b, c. d; to find a. 

Fonnulae 1, No. 2 and 3. 

sin i A (sin 6 sin c)^ sin ^ (c CO () 

tan Z =s ; sin i a 3= ' 

sin I (e CO 6) cos Z 

6»s89«14'18" 8iii= 9.9999616 

e=: 17.07.15. sia = 9.4689198 



6 -. e » 72. 07. 93. 19.4688814 



(sin fr Bin e)^ = 9.7344407 

|(6^e) — 36. 03. 31,5 ar . co . sin = 0.2301690 sin = 9.7698309 

^ ^ s 42. 16. 08. sin ^ 9.8277639 

tan Z = 9.7923736 ar.co.oos = 0.0706257 



^0 8=43.49.58,8 sin = 9.8404566 

a = 87.39.57,6 
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Formulae 1» No. 5, 6» 8, 9, 11, and 12. 

These being all of fhe same form as the precediiig^ using 
only other trigonometric functions of the same data, thejr 
come under the same form of calculation, the other functions 
taking the place of those used in the above formula, each for 
each, in its respective place. It is on this account not neces- 
sary to give examples of them. 

Oiren as above. 

Formuln 1, No. 8> 1 1, 14. No. 13 is calculated upon the same form. 

cos i A (sin h sin c)^ 



sin IE' 



tanZ'" = 



sin i (6 + c) 
cos I A (sin h sin c )^ 



cos i (& + c) 
tania =s tan ^ (6 -f c) cos Z'' cos Z 

5 » 89* 14' ir sin = 9.9999616 

csa 17.07.15. sin » 9.4689198 



nr 



6 + e » 106. 21 33. 19.4688814 

(siii6 8in eil ^ 9.7344407 =>= m 
J wf = 42. 16.08. cof >= 9.8692220 ^ n 

mZ" ^ 9.7002917 ss m +n+p ; C08 ^ 9.9370883 
tan Z"' » 9.8260120 » m^n-k-qs oos=s 9.9195002 

ia» 43.50.00. . « tan i a ss 9.9823088 

a as 87.40.00. 

CKven as above. 

Formute 1, No. 15 and 16. 
Can y = cos .^ tan & 

cos 6 cos (c c/2 y) 



A a 



cos a = ■■■ 

cos y 



186 

.«« 840 32' 16" 
b = 89. 14. 18. 

y CB 82. 02. 57,8 
c ss 17.07.16. 


« 

BAKT rr. 

cos caa 8.9786888 

tan — 1.8763321 cos » 8.1236295 


tany ss 0.8649209 ar.co.coB « 0.B69116ft 


c CO y = 64. 66. 42,8 
a =r 87. 39. 67,6 


cos = 9.6271077 

• 


cos » 8.6098640 



Given as abore (bat mtb one angle obtuse.) 

Formule 1, No. 16 and 16. 

A » 1210 38' ir,8 00* « 9.7193874 ^ 
6 » 60. 10.30. tan » 0.0788818 cos » •.80648n 



If » 147.51. 10. tan » 9.7982692 •* ^ : C : cos « 0X^28788 — 
e =» 40.00.10. 



CQoy a>107.5l.00 006 s 9.4864874 — 

a » 76.35.36 « cos as> 9.3652279 + 

The effect of the obtuse angle at Jif will be obseryed here, 
its cosine becomes negative ; this is indicated by placing the 
sign — « at the end ; in consequence of which also^ tan tj be-' 
comes negative ; the obtuse angle is therefore to be taken for 
2f^ in consequence of which its cosine also becomes negative; 
and the angle c CO y becoming again negative, the last cal- 
culation presents two — • signs, which producing again +, 
give for a an acute angle* This mode of accounting for the 
efiect of the signs entirely obviates all difficulties. 

The formuba No. 17 and 18 being of the same form as the 
above, these examples wiU also serve for them* 

$ 124. ProbUm 6. The formulae of this problem, or series 
m, are all of the same form as' the fcnregcung; the examples 
for calculation are to be arranged in the same manner^ each 
respectively as its corresponding one. 



OHAfTSK lU. ^^^ 

Pornrala n, No. 1 and 2. 

C08i(oC0^) 

Umi(A + B) = cotJC — . 

^ cos i (o + a; 

sin i{ajjih) 

ass 63<»26'3r 
& » 43. 19. 11. 

k/^jJI S:S;6.r.oo.co.«0.«92519«r.co:*a-a.^J5 
» / m « — 9 33 105 CM = 9.9939364 •» = 9.«199993 

*^^7il 4tSia coi^OJU^ eot«a04^ 

t (.« + B) « 61.04.00,7 tan = 0.26T4375 tan ^ 9.3626300 

i(AaiB) ^ lg>5S.44,5 

A « 74.08.46,2 
B (s 48.06. 16»2 

6 126. ProJtoii e. The formate o. No. 1 and a, being 
exactly of the same form as tiie foregoing, the same example 
may serve as a type for them. 

§ 1(87. PrMem 9. 

Formate p, No. 1 and «• 

cos a cos y 

t^, = taii6co.^ -, «o.(ct»y) =. ^^ 

^ oAO try 1 A'* cos a= 9.9276086 

1;;«.Sw. ta.-0a9»M06«.co:c..-0.866S444 

e ay MB 99. tS. 48,9 



« 



9t.Q6.6Q^ «ra« 15.19.18,4 



1 
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The same formiilae, with an obtuse ang^e at j9. 

A »= 1S1.36. 19,8 COS » 9.7193874 ^ 
ft » 50. 10. 90. taa « 0.0788818 ar . co . coi » 0.1935183 



y «^ 147. 51. 10. tan 9.790369S — c<m ^ BMHfm 

a ^ 760 35' 36' coi « 9.365SS79 



eCDy= 107.51.00 cos «» 9.4864674 — 

e = 40.00.10. 

Here the final result becomes a negatiTe cosine, which 
therefore belongs to an obtuse angle, and produces c, acute, 
by the subtraction from the greater negative. 

Given as above. 

FormulaB p^ No. 5, 6, 7, 8. 

fiin .4 sin 6 
sin B = ■ ; tan « = COS j9 tan ^ 

sin a 

c = * + y ' tany=:cosi?tana 

./««» ^01015" sin » 9.726S756 cos » 9.9S76086 

h = 57. 12. 03. sin = 9.9S45762 • tan « 0.1908906 



a;= 46.17.12 ar.Go.sin » ai409781 tan» 0.0195121 tanx «= 0.118«I92 



sin B » 9.7918299 cos » 9.8949994 



a » 52. 43. 01,3 tan jf = 9.9145115 

3^ « 39.23.48,8 

c » 92. 06. 50.1 or 13. 19. 12,5 

Given as above. 

Formate p, No. 5, 1 1 12, 13. 

cos 6 



sin Z ss sin j9 sin h ; cos x = 



^ "^ * i y 5 cos y == 



cos Z 

cos a 



»' ' ' CO.Z 



CHAPTBB III. Id9 

^ — 82® liy 15" aitt « 9.7262766 
b = 67. 12.03. sin » 9.9245762 cos »= 9.7337556 == m 



dn Z « 9.6506518 ar . co • cos » 0.0485393 = n 

a b: 460 ir 12" cos « 9.8395098 == p 

X = 62.43.01,2 

y = 39.23.49. cos ar ■« 9.7822949 ^m'{'n 

e » 92.06.50,2 or =s t2. 19. 12,2 cos 5^ » 9.8880491 = p -f> n 

$ 128. Problem 10. Here we have to repeat what has 
been said in problems 6^ and 8 ; the formulie of this problem^ 
or of series q^ take in calculation exactly the same form as 
those of prdbkm 9; the examples of which^ therefore, also 
serve for this problem. 

$ 129. FrMtm 11. Given, B, Ji, a; to find e. 

FormulsB r, No. 1 and 2, or 3 and 4. 

tap X = €08 B tan a ; bid (c + ^) = tan B cot A sin x 

a » be"" 13' 63' tan « 0.1748021 

B ss 60.42.08. CO6 « 9.6896184 tan =r 0.2509420 



a; « 36. 11. 54,3 tan « 9.8644205 sin =r 9.7712412 

A = 60<* 41' 15" cot = 9.9132069 



c +x ^ 59. 31. 28,5 . . . sin « 9.9354301 



c =5 23. 19. 34,2 or = 95. 43, 22,8 

Given as above. 

Formulae r, No. 5, 6, 7, 8. 

sin a sin B 

sin b = ■ ' ■ ; tan a; = tan a cos B 

sin j9 

« ==^ * i y ; tan y = tan 6 cos tfl 

ii»6eP13r6S" sin « 9.9197521 ..... tan «» 0.1748021 
B» 60.42.08. sin » 9.9405605 cos » 9.6896184 



50.41.15. ar. CO. sin «= 0.1114263 oo8» 9.8017807 tanx » 9.8644205 



sin 6 » 9.9717389 tan «= 0.4284988 

X «s 36.11. 54,3 

y a 69.31.88,6 tany = 0.2302795 

mmmmmm m t ■ 

c == 95.43.22,9 or = 23» 19' 34",3 
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THE EinU* 



COBKECTIONS. 



JPfl^eJ 


Lint* 


16 


16 


16 


12tol9 


^^^ 


• 

21 


17 


penult. 


• 18 


10 


26 1 


SS 


2 


35 


15 


S8 


3 


39 


5 



After '< called,'' add, or. 

Between the fractions place a full stop (.) as sign 

of multiplication, instead of the comma (,)* 
«H" read, No. 
in beginning, '* 3" read, 4. 
Above «' 1 and 2" write, A, No. 
" produced upon" read, produced on. 

sin a sin a 

from below, , read, 

sin b cos a 

'< No.ij^nd 9" read. No. 1 and 4ft ^ 
Above " No. 1" in the margin, place, I. 
" 7" read, 8. 

Page 54, at the bottom, add the following. 

The formule 6, 7, and 8, give also, when divided by sine, or 
cosine, the following expressions for the tangent of the half angle 
by the tangent, and cotangent of the whole angle. 

From No. 6 : 

(1 + tan« a)* - 1 
tani« = -— — = + cot« a)i ~ cota 



From No. 7 : 



tana 



tan a 



1 



tan |a =» 



(1 + tana a)i + 1 (1 + cot* a)i + cot a 

From No. 8 : 

(l-fcot*a)*+l — cota (I +tan«a)4 + tana- 1 



10 



tanja s= 



(1 +cot« »)i+ I + cot a (1 + tana a)* + tano+ 1 



11 



19£ 



Page- 

58 

70 

72 

76 

86 

93 
103 
107 

108 
111 

118 
119 
123 
126 
130 

135 
141 
147 
149 
151 
156 

157 



163 

164 

169 
172 
176 



Line. 
9 
9 
16 
13 
5 
3 

11 
26 
27 
16 
12 

litft 
8 
1 

4 
14 

6 
13 

9 
19 

6 
7&8 



4 
5 



last 

4 

9 
26 
27 

9 



"4 cos b 3'* read, 4 cos 6—3. 
"sin* a" read, sin^ a. 

'*».... fig" read, n n^^ 

The dirisor of the foarth term read thus, 2 • 3 . 4 . 5 • 6 . 7 

Id the divisor, "(a 05 c)" read, (a (/} c)« 

"J5C" read, B, C. 

*'Pcd'' read, PCD. 

** Lemma 1" read. Lemma 1 and 2. 

"6c" read, 6e. 

"2r««'c/2" read, 2r«*2L/2. 

^'DGF by EGP' read, EGF hj DGF. 

'^DGP' read, EGF. 

In the divisor, ** cos c^^ CQ cos ej* read, cos c^ CO cos c, 

»' " tan J q, 03 C)" read, tan i (q, CD €,) 
Above the numbers in the margin, place, £ 
" No, 14 and 16" read, No, 16 and 16. 
"h" read, i. 

, k. 



i 




In the divisor, " cos A^^ read, cos* A. 
"4" read, 3. 

Place the " 1" two lines lower. 
«*2r' read, 2, 

"(ac)J'» read, {ac)^ 

5 sin C 
Place sin B = ■ »■ ■ — in the lower line. 

c 

"20" read, 21. 
"19" read, 20. 
Place the auxiliary in the lower line. 

cos A cos y' cos A cos ^ 
read, — • 






cos B . cos B 

" cos A tan £" read, cos a tan B 

cos (c CO x)" read, cos (c CO :b^) 
" 6.7039537'' read, 6.7089537. 
"logarithm" read, logarithms. 
"20.00.39,3" read, 22.00.39,3. 
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